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Coupling: 
a way to analyze complex systems by 

working with related easy systems

World is full of complex systems
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Goal: answer a 
question about X 
(approximate is okay)

complex system X easy system Y

answer the 
question for Y

similar 
answers

same random 
input

Choose Y to be 
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• Upper bound on RIQ system
• Implies RIQ is maximally stable

Gardner, Harchol-Balter, and Scheller-Wolf: A Better Model for Job Redundancy: Decoupling Server Slowdown and Job Size (2016)

When is 
RIQ stable?

https://ieeexplore.ieee.org/document/7774560
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SIS epidemics
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3. Simpler dynamics
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SIS epidemics
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• T items arrive sequentially, with values V1, V2, …, VT 

• Value distributions known to controller 
• Can select up to B items
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…
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?
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“Weakly-coupled” problems

20

• Separate easy problems… 

• E.g. Online Purchasing:  
Select items from incoming stream, with 
values and costs  
(no budget or limit on # items accepted)

• Multiple “easy” control problems 
stitched together by joint constraints 

• E.g. Online Knapsack:  
- T items arrive sequentially, with 
values V1, V2, …, VT 
- Can select up to B items

V1=10

c1=5

V2=?

c2=?

VT=?

cT=?
…

VT=?V2=?V1=10
…



Online knapsack: results

21

V1=10

c1=λ

V2=?

c2=λ

VT=?

cT=λ
…

Online knapsack

VT=?V2=?V1=10
…

Kamesh Munagala: Lecture notes on “Optimization and Decision-Making under Uncertainty” (2016)

≤

Online purchasing

≤
<latexit sha1_base64="sLElFUVLjdDIKhy/49umrNRzXuQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9VjwIp4q2A9oQ9lsN+3SzSbsToQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb26Wd8u7e/sFh5ei4beJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M78zhPXRsTqEacJ9yM6UiIUjKKVev1QU5Z5eVbPB5WqW3PnIKvEK0gVCjQHla/+MGZpxBUySY3peW6CfkY1CiZ5Xu6nhieUTeiI9yxVNOLGz+Yn5+TcKkMSxtqWQjJXf09kNDJmGgW2M6I4NsveTPzP66UY3viZUEmKXLHFojCVBGMy+58MheYM5dQSyrSwtxI2pjYFtCmVbQje8surpF2veVe1+sNltXFfxFGCUziDC/DgGhpwB01oAYMYnuEV3hx0Xpx352PRuuYUMyfwB87nDz3ykUI=</latexit>

1

2

https://users.cs.duke.edu/~kamesh/UncertaintyNotes.pdf
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V1=10

c1=λ

V2=?

c2=λ

VT=?

cT=λ
…

Online knapsack

VT=?V2=?V1=10
…

Kamesh Munagala: Lecture notes on “Optimization and Decision-Making under Uncertainty” (2016)

≤

Online purchasing

≤
<latexit sha1_base64="sLElFUVLjdDIKhy/49umrNRzXuQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9VjwIp4q2A9oQ9lsN+3SzSbsToQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb26Wd8u7e/sFh5ei4beJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M78zhPXRsTqEacJ9yM6UiIUjKKVev1QU5Z5eVbPB5WqW3PnIKvEK0gVCjQHla/+MGZpxBUySY3peW6CfkY1CiZ5Xu6nhieUTeiI9yxVNOLGz+Yn5+TcKkMSxtqWQjJXf09kNDJmGgW2M6I4NsveTPzP66UY3viZUEmKXLHFojCVBGMy+58MheYM5dQSyrSwtxI2pjYFtCmVbQje8surpF2veVe1+sNltXFfxFGCUziDC/DgGhpwB01oAYMYnuEV3hx0Xpx352PRuuYUMyfwB87nDz3ykUI=</latexit>

1

2

Can choose a ‘cost’ λ s.t. accepting all Vt>λ while space available 
gives a 2-approximation  

https://users.cs.duke.edu/~kamesh/UncertaintyNotes.pdf
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21

V1=10

c1=λ

V2=?

c2=λ

VT=?

cT=λ
…

Online knapsack

VT=?V2=?V1=10
…

Kamesh Munagala: Lecture notes on “Optimization and Decision-Making under Uncertainty” (2016)

≤

Online purchasing

≤
<latexit sha1_base64="sLElFUVLjdDIKhy/49umrNRzXuQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9VjwIp4q2A9oQ9lsN+3SzSbsToQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb26Wd8u7e/sFh5ei4beJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M78zhPXRsTqEacJ9yM6UiIUjKKVev1QU5Z5eVbPB5WqW3PnIKvEK0gVCjQHla/+MGZpxBUySY3peW6CfkY1CiZ5Xu6nhieUTeiI9yxVNOLGz+Yn5+TcKkMSxtqWQjJXf09kNDJmGgW2M6I4NsveTPzP66UY3viZUEmKXLHFojCVBGMy+58MheYM5dQSyrSwtxI2pjYFtCmVbQje8surpF2veVe1+sNltXFfxFGCUziDC/DgGhpwB01oAYMYnuEV3hx0Xpx352PRuuYUMyfwB87nDz3ykUI=</latexit>

1

2

Can choose a ‘cost’ λ s.t. accepting all Vt>λ while space available 
gives a 2-approximation  

“balanced” threshold

https://users.cs.duke.edu/~kamesh/UncertaintyNotes.pdf
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1. More information

2. Fewer constraints

3. Simpler dynamics

A. Every sample path B. Steady-state distribution

M/M/k vs. M/M/1

SIS epidemics
Queues with redundancy

Online knapsack 
(via constraints-to-costs)
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• T items arrive sequentially, with values V1, V2, …, VT 

• Can select up to B items 
• Both B and T are large (with say B = 0.1 T)

? ?
…
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Should we be happy 
with a 2-approximation?



BIG online knapsacks

23

• T items arrive sequentially, with values V1, V2, …, VT 

• Can select up to B items 
• Both B and T are large (with say B = 0.1 T)

? ?
…

?10 ?? ? ?

Should we be happy 
with a 2-approximation?

That means our regret 
grows linearly with T
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Classifying coupling techniques

24

A1 B1

A2 B2

A3 B3

1. More information

2. Fewer constraints

3. Simpler dynamics

A. Every sample path B. Steady-state distribution

BIG online knapsack 
(stay tuned!)

Queues with redundancy
SIS epidemics

M/M/k vs. M/M/1

Online knapsack 
(via constraints-to-costs)



In-Depth Study 1: 
Online Resource Allocation

25



The (stochastic) online knapsack

26

• T items arrive sequentially, with values V1, V2, …, VT 

• Can select up to B items 
• Values are i.i.d from distribution 

 

                 

Vt =

8
><
>:

5 with probability p5

10 with probability p10

20 with probability p20

<latexit sha1_base64="NUeEA2QsXGH7qn4WX8nOgrWLav0="></latexit>

? ?
…

?20



The (stochastic) online knapsack

26

• T items arrive sequentially, with values V1, V2, …, VT 

• Can select up to B items 
• Values are i.i.d from distribution 

 

                 

Vt =

8
><
>:

5 with probability p5

10 with probability p10

20 with probability p20

<latexit sha1_base64="NUeEA2QsXGH7qn4WX8nOgrWLav0="></latexit>

? ?
…

20

10
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Prophet benchmarks

27

• Knows the future!
• Offline Knapsack

• Uncertainty about the future 
• Online Knapsack

VT=?V2=?V1=10
…

VT=20V2=5V1=10
…
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V3=?V2=?V1=10 V5=?V4=? V7=?V6=? V8=?

V3=20V2=10V1=10 V5=10V4=20 V7=5V6=5 V8=20

ΦOFF(8,4)=70
T–t Bt

RON(0)=0
t



Coupling to OFFLINE
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ΦOFF(8,4)=70

RON(1)=10

10
V3=?V2=? V5=?V4=? V7=?V6=? V8=?

V3=20V2=10V1=10 V5=10V4=20 V7=5V6=5 V8=20
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ΦOFF(7,3)=60

RON(1)=10

10
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RON(1)=10

10
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same state
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Coupling to OFFLINE

30

ΦOFF(7,3)=60

RON(1)=10

10

10

same state

adds to 

 Φ OFF(8,4)=70

V3=?V2=? V5=?V4=? V7=?V6=? V8=?

V3=20V2=10 V5=10V4=20 V7=5V6=5 V8=20
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ΦOFF(6,2)=40

RON(2)=20

10 10

10 10

Coupling to OFFLINE with compensations
V3=20 V5=?V4=? V7=?V6=? V8=?

V3=20 V5=10V4=20 V7=5V6=5 V8=20
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ΦOFF(6,2)=40

RON(2)=20

10 10

10 10

same state

Coupling to OFFLINE with compensations
V3=20 V5=?V4=? V7=?V6=? V8=?

V3=20 V5=10V4=20 V7=5V6=5 V8=20



31

ΦOFF(6,2)=40

RON(2)=20

10 10

10 10

adds to < 

 Φ OFF(8,4)=70same state

Coupling to OFFLINE with compensations
V3=20 V5=?V4=? V7=?V6=? V8=?

V3=20 V5=10V4=20 V7=5V6=5 V8=20
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ΦOFF(6,2)=40

RON(2)=20

10 10

10 10

Comp(2)=10
same state

Coupling to OFFLINE with compensations
V3=? V5=?V4=? V7=?V6=? V8=?

V3=20 V5=10V4=20 V7=5V6=5 V8=20



32

ΦOFF(6,2)=40

RON(2)=20

10 10

10 10

Comp(2)=10

adds to 
ΦOFF(8,4)=70same state

Coupling to OFFLINE with compensations
V3=? V5=?V4=? V7=?V6=? V8=?

V3=20 V5=10V4=20 V7=5V6=5 V8=20
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V8=?

ΦOFF(1,1)=20

RON(7)=40

10 10

20

V8=20

Comp(1)+…+Comp(7)=10
adds to 

ΦOFF(8,4)=70

10 10

20

Coupling to OFFLINE with compensations
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10 10

20
20

10

adds to 
ΦOFF(8,4)=70

10 10

20
20

10

ΦOFF(0,0)=0

RON(8)=60

Comp(1)+…+Comp(8)=10

Coupling to OFFLINE with compensations
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Compensated coupling

35

ΦOFF(8,4) – ΦOFF(0,0) = RON(8) + (Comp(1)+Comp(2)+…+Comp(8))

where Comp(t) = ΦOFF(T–t,Bt) - RON(t)
= “Compensation” provided to OFFLINE for following ONLINE

ONLINE state

Notes: In computing Comp(t) 
• Past arrivals/actions are forgotten (only ONLINE’s current state matters) 
• Future arrivals are incorporated via OFFLINE (Comp(t) is a rand. var.)



When do we compensate?
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V3=?V2=10 V5=?V4=? V7=?V6=? V8=?
10



When do we compensate?

36

If ONLINE wants to accept V2 
• Comp(2) = 10  IFF at least 3 future arrivals have value 20 
• Comp(2) =  0   otherwise
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If ONLINE wants to reject V2 
• Comp(2) = 10  IFF at most 2 future arrivals have values in {10,20} 
• Comp(2) =  0   otherwise



When do we compensate?

36

If ONLINE wants to accept V2 
• Comp(2) = 10  IFF at least 3 future arrivals have value 20 
• Comp(2) =  0   otherwise

V3=?V2=10 V5=?V4=? V7=?V6=? V8=?
10

If ONLINE wants to reject V2 
• Comp(2) = 10  IFF at most 2 future arrivals have values in {10,20} 
• Comp(2) =  0   otherwise

P[Bin(6, p20)� 3]

<latexit sha1_base64="KSxx4stTP/dwzRoCuCivNWu52MI="></latexit>

P[Bin(6, p20 + p10) 2]

<latexit sha1_base64="CYR/CSborYXQkGOxV4fiN/Mc+dQ="></latexit>



Compensated coupling: online knapsack

37Vera and Banerjee: The Bayesian Prophet (2020)

ONLINE chooses action with least compensation
The Bayes selector:

https://people.orie.cornell.edu/sbanerjee/publication/vera-19/


Compensated coupling: online knapsack

37Vera and Banerjee: The Bayesian Prophet (2020)

For online knapsack with k types, Bayes selector has
<latexit sha1_base64="1L0heLNIFvwDUcKYOJ8M+KT6+l4=">AAACInicbVDLSsNAFJ34tr6qLt0MFsWF1KSIuhREEFcqVoUmlMn0th06mcSZG7GE/Icf4He4VdyJK8GPcVK7UOuBgcO553LnnDCRwqDrfjhj4xOTU9Mzs6W5+YXFpfLyypWJU82hzmMZ65uQGZBCQR0FSrhJNLAolHAd9o6K+fUdaCNidYn9BIKIdZRoC87QSs1yzY8YdsMwO84bPsI9ZhfQ0YB5QDd9Cbe0d9fMrOc+30kKIlTeLFfcqjsAHSXekFTIEGfN8offinkagUIumTENz00wyJhGwSXkJT81kDDeYx1oWKpYBCbIBtlyumGVFm3H2j6FdKD+3MhYZEw/CrdbpjDYhSKQ+WspxP9mjRTbB0EmVJIiKP59r51KijEt+qItoYGj7FvCuBb2y5R3mWYcbasl24X3N/kouapVvb1q7Xy3cng6bGWGrJF1skU8sk8OyQk5I3XCyQN5Is/kxXl0Xp035/3bOuYMd1bJLzifX/E8pUc=</latexit>

E[Regret]  kvmax/pmin

ONLINE chooses action with least compensation
The Bayes selector:

https://people.orie.cornell.edu/sbanerjee/publication/vera-19/
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<latexit sha1_base64="HL5F1jnEVw2F3+nraXBeQPsmFRU=">AAACCHicbZBLS8NAFIUnPmt8RV26cLAILkpIiqjLghuXFUxbSEKYTKft0MmDmRuxhIIbN/4VNy4UcetPcOe/MWm70NYDAx/n3GHmnjAVXIFlfWtLyyura+uVDX1za3tn19jbb6kkk5Q5NBGJ7IREMcFj5gAHwTqpZCQKBWuHw6syb98xqXgS38IoZX5E+jHvcUqgsALjqBWAp3iEHdeq2b4H7B7yGuYmN7vmWNcDo2qZ1kR4EewZVNFMzcD48roJzSIWAxVEKde2UvBzIoFTwca6lymWEjokfeYWGJOIKT+fLDLGJ4XTxb1EFicGPHF/38hJpNQoCovJiMBAzWel+V/mZtC79HMepxmwmE4f6mUCQ4LLVnCXS0ZBjAogVPLir5gOiCQUiu7KEuz5lRehVTftc7N+c1ZtuA/TOiroEB2jU2SjC9RA16iJHETRI3pGr+hNe9JetHftYzq6pM0qPEB/pH3+AJgEmEI=</latexit>

Vt ⇠ U [0, 1], i.i.d.
Vt=0.5 VT=?b

…

• ONLINE : Accept if  
• Let h=T-t, and define  

<latexit sha1_base64="NowcBzpzInLly/nh0O8faCmK4fY=">AAAB+HicbVDLSsNQEL2prxofjbp0EyyCq5IUUZcFN+Kqgn1AE8LN7aS99ObhvROhhn6JGxeKuPVT3Pk3Jm0W2npg4HDODDNz/ERwhZb1rVXW1jc2t6rb+s7u3n7NODjsqjiVDDosFrHs+1SB4BF0kKOAfiKBhr6Anj+5LvzeI0jF4+gepwm4IR1FPOCMYi55Rq3roTOCBwfHgFTXPaNuNaw5zFVil6ROSrQ948sZxiwNIUImqFID20rQzahEzgTMdCdVkFA2oSMY5DSiISg3mx8+M09zZWgGscwrQnOu/p7IaKjUNPTzzpDiWC17hfifN0gxuHIzHiUpQsQWi4JUmBibRQrmkEtgKKY5oUzy/FaTjamkDPOsihDs5ZdXSbfZsC8azbvzeuu2jKNKjskJOSM2uSQtckPapEMYSckzeSVv2pP2or1rH4vWilbOHJE/0D5/ANyqkpg=</latexit>

Vt � ✓
<latexit sha1_base64="Fu7ZSMuKxkdiGU9/3J8IfwpwK/o="></latexit>

V h
[b] = {bth largest value in V [t+ 1], V [t+ 2], . . . , V [T ]}



        Example: 

38

<latexit sha1_base64="HL5F1jnEVw2F3+nraXBeQPsmFRU=">AAACCHicbZBLS8NAFIUnPmt8RV26cLAILkpIiqjLghuXFUxbSEKYTKft0MmDmRuxhIIbN/4VNy4UcetPcOe/MWm70NYDAx/n3GHmnjAVXIFlfWtLyyura+uVDX1za3tn19jbb6kkk5Q5NBGJ7IREMcFj5gAHwTqpZCQKBWuHw6syb98xqXgS38IoZX5E+jHvcUqgsALjqBWAp3iEHdeq2b4H7B7yGuYmN7vmWNcDo2qZ1kR4EewZVNFMzcD48roJzSIWAxVEKde2UvBzIoFTwca6lymWEjokfeYWGJOIKT+fLDLGJ4XTxb1EFicGPHF/38hJpNQoCovJiMBAzWel+V/mZtC79HMepxmwmE4f6mUCQ4LLVnCXS0ZBjAogVPLir5gOiCQUiu7KEuz5lRehVTftc7N+c1ZtuA/TOiroEB2jU2SjC9RA16iJHETRI3pGr+hNe9JetHftYzq6pM0qPEB/pH3+AJgEmEI=</latexit>

Vt ⇠ U [0, 1], i.i.d.
Vt=0.5 VT=?b

…
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Vt � ✓
<latexit sha1_base64="Fu7ZSMuKxkdiGU9/3J8IfwpwK/o="></latexit>

V h
[b] = {bth largest value in V [t+ 1], V [t+ 2], . . . , V [T ]}

0 1

<latexit sha1_base64="s+VXm5c3z/dSfV4weeyojpm0fhU=">AAAB8HicbVC7SgNBFL0bXzG+opY2g0G0CrspjGXARqwimIds1jA7mSRDZmaXmVkhLGks/AEbC0WsBD/DT7Dzb5w8Ck08cOFwzr3ce08Yc6aN6347maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYk05k7RmmOG0GSuKRchpIxycj/3GHVWaRfLaDGMaCNyTrMsINla6qbdTPwxGt/12vuAW3QnQIvFmpFAp3zfeHz6Pq+38V6sTkURQaQjHWvueG5sgxcowwuko10o0jTEZ4B71LZVYUB2kk4NH6MgqHdSNlC1p0ET9PZFiofVQhLZTYNPX895Y/M/zE9M9C1Im48RQSaaLuglHJkLj71GHKUoMH1qCiWL2VkT6WGFibEY5G4I3//IiqZeK3mmxdGXTuIQpsnAAh3ACHpShAhdQhRoQEPAIz/DiKOfJeXXepq0ZZzazD3/gfPwAXPaT0g==</latexit>

V h
[b]

<latexit sha1_base64="Ijh+gaco9PkZjfVg/jQNlmdjOTg=">AAAB7XicbZDLSgMxFIYzXut4q7p0EyyCqzLThboRC27EVQV7gXYomTTTxmaSITkjlKHv4MaFIm4UfB1xI76N6WWhrT8EPv7/HHLOCRPBDXjet7OwuLS8sppbc9c3Nre28zu7NaNSTVmVKqF0IySGCS5ZFTgI1kg0I3EoWD3sX4zy+h3Thit5A4OEBTHpSh5xSsBatRb0GJB2vuAVvbHwPPhTKJx/vH65Z8lbpZ3/bHUUTWMmgQpiTNP3EggyooFTwYZuKzUsIbRPuqxpUZKYmSAbTzvEh9bp4Ehp+yTgsfu7IyOxMYM4tJUxgZ6ZzUbmf1kzheg0yLhMUmCSTj6KUoFB4dHquMM1oyAGFgjV3M6KaY9oQsEeyLVH8GdXnodaqegfF0vXXqF8hSbKoX10gI6Qj05QGV2iCqoiim7RPXpET45yHpxn52VSuuBMe/bQHznvP+SUkxc=</latexit>

✓
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<latexit sha1_base64="HL5F1jnEVw2F3+nraXBeQPsmFRU=">AAACCHicbZBLS8NAFIUnPmt8RV26cLAILkpIiqjLghuXFUxbSEKYTKft0MmDmRuxhIIbN/4VNy4UcetPcOe/MWm70NYDAx/n3GHmnjAVXIFlfWtLyyura+uVDX1za3tn19jbb6kkk5Q5NBGJ7IREMcFj5gAHwTqpZCQKBWuHw6syb98xqXgS38IoZX5E+jHvcUqgsALjqBWAp3iEHdeq2b4H7B7yGuYmN7vmWNcDo2qZ1kR4EewZVNFMzcD48roJzSIWAxVEKde2UvBzIoFTwca6lymWEjokfeYWGJOIKT+fLDLGJ4XTxb1EFicGPHF/38hJpNQoCovJiMBAzWel+V/mZtC79HMepxmwmE4f6mUCQ4LLVnCXS0ZBjAogVPLir5gOiCQUiu7KEuz5lRehVTftc7N+c1ZtuA/TOiroEB2jU2SjC9RA16iJHETRI3pGr+hNe9JetHftYzq6pM0qPEB/pH3+AJgEmEI=</latexit>

Vt ⇠ U [0, 1], i.i.d.
Vt=0.5 VT=?b

…

• ONLINE : Accept if  
• Let h=T-t, and define  

<latexit sha1_base64="NowcBzpzInLly/nh0O8faCmK4fY=">AAAB+HicbVDLSsNQEL2prxofjbp0EyyCq5IUUZcFN+Kqgn1AE8LN7aS99ObhvROhhn6JGxeKuPVT3Pk3Jm0W2npg4HDODDNz/ERwhZb1rVXW1jc2t6rb+s7u3n7NODjsqjiVDDosFrHs+1SB4BF0kKOAfiKBhr6Anj+5LvzeI0jF4+gepwm4IR1FPOCMYi55Rq3roTOCBwfHgFTXPaNuNaw5zFVil6ROSrQ948sZxiwNIUImqFID20rQzahEzgTMdCdVkFA2oSMY5DSiISg3mx8+M09zZWgGscwrQnOu/p7IaKjUNPTzzpDiWC17hfifN0gxuHIzHiUpQsQWi4JUmBibRQrmkEtgKKY5oUzy/FaTjamkDPOsihDs5ZdXSbfZsC8azbvzeuu2jKNKjskJOSM2uSQtckPapEMYSckzeSVv2pP2or1rH4vWilbOHJE/0D5/ANyqkpg=</latexit>

Vt � ✓
<latexit sha1_base64="Fu7ZSMuKxkdiGU9/3J8IfwpwK/o="></latexit>

V h
[b] = {bth largest value in V [t+ 1], V [t+ 2], . . . , V [T ]}

0 1

<latexit sha1_base64="s+VXm5c3z/dSfV4weeyojpm0fhU=">AAAB8HicbVC7SgNBFL0bXzG+opY2g0G0CrspjGXARqwimIds1jA7mSRDZmaXmVkhLGks/AEbC0WsBD/DT7Dzb5w8Ck08cOFwzr3ce08Yc6aN6347maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYk05k7RmmOG0GSuKRchpIxycj/3GHVWaRfLaDGMaCNyTrMsINla6qbdTPwxGt/12vuAW3QnQIvFmpFAp3zfeHz6Pq+38V6sTkURQaQjHWvueG5sgxcowwuko10o0jTEZ4B71LZVYUB2kk4NH6MgqHdSNlC1p0ET9PZFiofVQhLZTYNPX895Y/M/zE9M9C1Im48RQSaaLuglHJkLj71GHKUoMH1qCiWL2VkT6WGFibEY5G4I3//IiqZeK3mmxdGXTuIQpsnAAh3ACHpShAhdQhRoQEPAIz/DiKOfJeXXepq0ZZzazD3/gfPwAXPaT0g==</latexit>

V h
[b]

<latexit sha1_base64="Ijh+gaco9PkZjfVg/jQNlmdjOTg=">AAAB7XicbZDLSgMxFIYzXut4q7p0EyyCqzLThboRC27EVQV7gXYomTTTxmaSITkjlKHv4MaFIm4UfB1xI76N6WWhrT8EPv7/HHLOCRPBDXjet7OwuLS8sppbc9c3Nre28zu7NaNSTVmVKqF0IySGCS5ZFTgI1kg0I3EoWD3sX4zy+h3Thit5A4OEBTHpSh5xSsBatRb0GJB2vuAVvbHwPPhTKJx/vH65Z8lbpZ3/bHUUTWMmgQpiTNP3EggyooFTwYZuKzUsIbRPuqxpUZKYmSAbTzvEh9bp4Ehp+yTgsfu7IyOxMYM4tJUxgZ6ZzUbmf1kzheg0yLhMUmCSTj6KUoFB4dHquMM1oyAGFgjV3M6KaY9oQsEeyLVH8GdXnodaqegfF0vXXqF8hSbKoX10gI6Qj05QGV2iCqoiim7RPXpET45yHpxn52VSuuBMe/bQHznvP+SUkxc=</latexit>

✓

<latexit sha1_base64="CHhRVYarKJGsC2wfBRdj+rFm1iQ=">AAAB6nicbVA9SwNBEJ2LRmP8iloKuhgEq3CXQi0DNmIV0XxAcoS9zSZZsrd37M4J4UhrZ2OhiK2lv8bOf+Pmo9DEBwOP92aYmRfEUhh03W8ns7KaXVvPbeQ3t7Z3dgt7+3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBq4jceuDYiUvc4irkf0r4SPcEoWumu3sFOoeiW3CnIMvHmpFghR5+P2cFxtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NQxObVKl/QibUshmaq/J1IaGjMKA9sZUhyYRW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyN+kKzRnKkSWUaWFvJWxANWVo08nbELzFl5dJvVzyzkvlW5vGDcyQg0M4gTPw4AIqcA1VqAGDPjzBC7w60nl23pz3WWvGmc8cwB84Hz9CxZAI</latexit>

Vt



        Example: 

38

<latexit sha1_base64="HL5F1jnEVw2F3+nraXBeQPsmFRU=">AAACCHicbZBLS8NAFIUnPmt8RV26cLAILkpIiqjLghuXFUxbSEKYTKft0MmDmRuxhIIbN/4VNy4UcetPcOe/MWm70NYDAx/n3GHmnjAVXIFlfWtLyyura+uVDX1za3tn19jbb6kkk5Q5NBGJ7IREMcFj5gAHwTqpZCQKBWuHw6syb98xqXgS38IoZX5E+jHvcUqgsALjqBWAp3iEHdeq2b4H7B7yGuYmN7vmWNcDo2qZ1kR4EewZVNFMzcD48roJzSIWAxVEKde2UvBzIoFTwca6lymWEjokfeYWGJOIKT+fLDLGJ4XTxb1EFicGPHF/38hJpNQoCovJiMBAzWel+V/mZtC79HMepxmwmE4f6mUCQ4LLVnCXS0ZBjAogVPLir5gOiCQUiu7KEuz5lRehVTftc7N+c1ZtuA/TOiroEB2jU2SjC9RA16iJHETRI3pGr+hNe9JetHftYzq6pM0qPEB/pH3+AJgEmEI=</latexit>

Vt ⇠ U [0, 1], i.i.d.
Vt=0.5 VT=?b

…

• ONLINE : Accept if  
• Let h=T-t, and define  

<latexit sha1_base64="NowcBzpzInLly/nh0O8faCmK4fY=">AAAB+HicbVDLSsNQEL2prxofjbp0EyyCq5IUUZcFN+Kqgn1AE8LN7aS99ObhvROhhn6JGxeKuPVT3Pk3Jm0W2npg4HDODDNz/ERwhZb1rVXW1jc2t6rb+s7u3n7NODjsqjiVDDosFrHs+1SB4BF0kKOAfiKBhr6Anj+5LvzeI0jF4+gepwm4IR1FPOCMYi55Rq3roTOCBwfHgFTXPaNuNaw5zFVil6ROSrQ948sZxiwNIUImqFID20rQzahEzgTMdCdVkFA2oSMY5DSiISg3mx8+M09zZWgGscwrQnOu/p7IaKjUNPTzzpDiWC17hfifN0gxuHIzHiUpQsQWi4JUmBibRQrmkEtgKKY5oUzy/FaTjamkDPOsihDs5ZdXSbfZsC8azbvzeuu2jKNKjskJOSM2uSQtckPapEMYSckzeSVv2pP2or1rH4vWilbOHJE/0D5/ANyqkpg=</latexit>

Vt � ✓
<latexit sha1_base64="Fu7ZSMuKxkdiGU9/3J8IfwpwK/o="></latexit>

V h
[b] = {bth largest value in V [t+ 1], V [t+ 2], . . . , V [T ]}

0 1

<latexit sha1_base64="s+VXm5c3z/dSfV4weeyojpm0fhU=">AAAB8HicbVC7SgNBFL0bXzG+opY2g0G0CrspjGXARqwimIds1jA7mSRDZmaXmVkhLGks/AEbC0WsBD/DT7Dzb5w8Ck08cOFwzr3ce08Yc6aN6347maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYk05k7RmmOG0GSuKRchpIxycj/3GHVWaRfLaDGMaCNyTrMsINla6qbdTPwxGt/12vuAW3QnQIvFmpFAp3zfeHz6Pq+38V6sTkURQaQjHWvueG5sgxcowwuko10o0jTEZ4B71LZVYUB2kk4NH6MgqHdSNlC1p0ET9PZFiofVQhLZTYNPX895Y/M/zE9M9C1Im48RQSaaLuglHJkLj71GHKUoMH1qCiWL2VkT6WGFibEY5G4I3//IiqZeK3mmxdGXTuIQpsnAAh3ACHpShAhdQhRoQEPAIz/DiKOfJeXXepq0ZZzazD3/gfPwAXPaT0g==</latexit>

V h
[b]

<latexit sha1_base64="Ijh+gaco9PkZjfVg/jQNlmdjOTg=">AAAB7XicbZDLSgMxFIYzXut4q7p0EyyCqzLThboRC27EVQV7gXYomTTTxmaSITkjlKHv4MaFIm4UfB1xI76N6WWhrT8EPv7/HHLOCRPBDXjet7OwuLS8sppbc9c3Nre28zu7NaNSTVmVKqF0IySGCS5ZFTgI1kg0I3EoWD3sX4zy+h3Thit5A4OEBTHpSh5xSsBatRb0GJB2vuAVvbHwPPhTKJx/vH65Z8lbpZ3/bHUUTWMmgQpiTNP3EggyooFTwYZuKzUsIbRPuqxpUZKYmSAbTzvEh9bp4Ehp+yTgsfu7IyOxMYM4tJUxgZ6ZzUbmf1kzheg0yLhMUmCSTj6KUoFB4dHquMM1oyAGFgjV3M6KaY9oQsEeyLVH8GdXnodaqegfF0vXXqF8hSbKoX10gI6Qj05QGV2iCqoiim7RPXpET45yHpxn52VSuuBMe/bQHznvP+SUkxc=</latexit>

✓

<latexit sha1_base64="CHhRVYarKJGsC2wfBRdj+rFm1iQ=">AAAB6nicbVA9SwNBEJ2LRmP8iloKuhgEq3CXQi0DNmIV0XxAcoS9zSZZsrd37M4J4UhrZ2OhiK2lv8bOf+Pmo9DEBwOP92aYmRfEUhh03W8ns7KaXVvPbeQ3t7Z3dgt7+3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBq4jceuDYiUvc4irkf0r4SPcEoWumu3sFOoeiW3CnIMvHmpFghR5+P2cFxtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NQxObVKl/QibUshmaq/J1IaGjMKA9sZUhyYRW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyN+kKzRnKkSWUaWFvJWxANWVo08nbELzFl5dJvVzyzkvlW5vGDcyQg0M4gTPw4AIqcA1VqAGDPjzBC7w60nl23pz3WWvGmc8cwB84Hz9CxZAI</latexit>

Vt
<latexit sha1_base64="CHhRVYarKJGsC2wfBRdj+rFm1iQ=">AAAB6nicbVA9SwNBEJ2LRmP8iloKuhgEq3CXQi0DNmIV0XxAcoS9zSZZsrd37M4J4UhrZ2OhiK2lv8bOf+Pmo9DEBwOP92aYmRfEUhh03W8ns7KaXVvPbeQ3t7Z3dgt7+3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBq4jceuDYiUvc4irkf0r4SPcEoWumu3sFOoeiW3CnIMvHmpFghR5+P2cFxtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NQxObVKl/QibUshmaq/J1IaGjMKA9sZUhyYRW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyN+kKzRnKkSWUaWFvJWxANWVo08nbELzFl5dJvVzyzkvlW5vGDcyQg0M4gTPw4AIqcA1VqAGDPjzBC7w60nl23pz3WWvGmc8cwB84Hz9CxZAI</latexit>

Vt
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<latexit sha1_base64="HL5F1jnEVw2F3+nraXBeQPsmFRU=">AAACCHicbZBLS8NAFIUnPmt8RV26cLAILkpIiqjLghuXFUxbSEKYTKft0MmDmRuxhIIbN/4VNy4UcetPcOe/MWm70NYDAx/n3GHmnjAVXIFlfWtLyyura+uVDX1za3tn19jbb6kkk5Q5NBGJ7IREMcFj5gAHwTqpZCQKBWuHw6syb98xqXgS38IoZX5E+jHvcUqgsALjqBWAp3iEHdeq2b4H7B7yGuYmN7vmWNcDo2qZ1kR4EewZVNFMzcD48roJzSIWAxVEKde2UvBzIoFTwca6lymWEjokfeYWGJOIKT+fLDLGJ4XTxb1EFicGPHF/38hJpNQoCovJiMBAzWel+V/mZtC79HMepxmwmE4f6mUCQ4LLVnCXS0ZBjAogVPLir5gOiCQUiu7KEuz5lRehVTftc7N+c1ZtuA/TOiroEB2jU2SjC9RA16iJHETRI3pGr+hNe9JetHftYzq6pM0qPEB/pH3+AJgEmEI=</latexit>

Vt ⇠ U [0, 1], i.i.d.
Vt=0.5 VT=?b

…

• ONLINE : Accept if  
• Let h=T-t, and define  

<latexit sha1_base64="NowcBzpzInLly/nh0O8faCmK4fY=">AAAB+HicbVDLSsNQEL2prxofjbp0EyyCq5IUUZcFN+Kqgn1AE8LN7aS99ObhvROhhn6JGxeKuPVT3Pk3Jm0W2npg4HDODDNz/ERwhZb1rVXW1jc2t6rb+s7u3n7NODjsqjiVDDosFrHs+1SB4BF0kKOAfiKBhr6Anj+5LvzeI0jF4+gepwm4IR1FPOCMYi55Rq3roTOCBwfHgFTXPaNuNaw5zFVil6ROSrQ948sZxiwNIUImqFID20rQzahEzgTMdCdVkFA2oSMY5DSiISg3mx8+M09zZWgGscwrQnOu/p7IaKjUNPTzzpDiWC17hfifN0gxuHIzHiUpQsQWi4JUmBibRQrmkEtgKKY5oUzy/FaTjamkDPOsihDs5ZdXSbfZsC8azbvzeuu2jKNKjskJOSM2uSQtckPapEMYSckzeSVv2pP2or1rH4vWilbOHJE/0D5/ANyqkpg=</latexit>

Vt � ✓
<latexit sha1_base64="Fu7ZSMuKxkdiGU9/3J8IfwpwK/o="></latexit>

V h
[b] = {bth largest value in V [t+ 1], V [t+ 2], . . . , V [T ]}

0 1

<latexit sha1_base64="s+VXm5c3z/dSfV4weeyojpm0fhU=">AAAB8HicbVC7SgNBFL0bXzG+opY2g0G0CrspjGXARqwimIds1jA7mSRDZmaXmVkhLGks/AEbC0WsBD/DT7Dzb5w8Ck08cOFwzr3ce08Yc6aN6347maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYk05k7RmmOG0GSuKRchpIxycj/3GHVWaRfLaDGMaCNyTrMsINla6qbdTPwxGt/12vuAW3QnQIvFmpFAp3zfeHz6Pq+38V6sTkURQaQjHWvueG5sgxcowwuko10o0jTEZ4B71LZVYUB2kk4NH6MgqHdSNlC1p0ET9PZFiofVQhLZTYNPX895Y/M/zE9M9C1Im48RQSaaLuglHJkLj71GHKUoMH1qCiWL2VkT6WGFibEY5G4I3//IiqZeK3mmxdGXTuIQpsnAAh3ACHpShAhdQhRoQEPAIz/DiKOfJeXXepq0ZZzazD3/gfPwAXPaT0g==</latexit>

V h
[b]

<latexit sha1_base64="Ijh+gaco9PkZjfVg/jQNlmdjOTg=">AAAB7XicbZDLSgMxFIYzXut4q7p0EyyCqzLThboRC27EVQV7gXYomTTTxmaSITkjlKHv4MaFIm4UfB1xI76N6WWhrT8EPv7/HHLOCRPBDXjet7OwuLS8sppbc9c3Nre28zu7NaNSTVmVKqF0IySGCS5ZFTgI1kg0I3EoWD3sX4zy+h3Thit5A4OEBTHpSh5xSsBatRb0GJB2vuAVvbHwPPhTKJx/vH65Z8lbpZ3/bHUUTWMmgQpiTNP3EggyooFTwYZuKzUsIbRPuqxpUZKYmSAbTzvEh9bp4Ehp+yTgsfu7IyOxMYM4tJUxgZ6ZzUbmf1kzheg0yLhMUmCSTj6KUoFB4dHquMM1oyAGFgjV3M6KaY9oQsEeyLVH8GdXnodaqegfF0vXXqF8hSbKoX10gI6Qj05QGV2iCqoiim7RPXpET45yHpxn52VSuuBMe/bQHznvP+SUkxc=</latexit>

✓

<latexit sha1_base64="CHhRVYarKJGsC2wfBRdj+rFm1iQ=">AAAB6nicbVA9SwNBEJ2LRmP8iloKuhgEq3CXQi0DNmIV0XxAcoS9zSZZsrd37M4J4UhrZ2OhiK2lv8bOf+Pmo9DEBwOP92aYmRfEUhh03W8ns7KaXVvPbeQ3t7Z3dgt7+3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBq4jceuDYiUvc4irkf0r4SPcEoWumu3sFOoeiW3CnIMvHmpFghR5+P2cFxtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NQxObVKl/QibUshmaq/J1IaGjMKA9sZUhyYRW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyN+kKzRnKkSWUaWFvJWxANWVo08nbELzFl5dJvVzyzkvlW5vGDcyQg0M4gTPw4AIqcA1VqAGDPjzBC7w60nl23pz3WWvGmc8cwB84Hz9CxZAI</latexit>

Vt
<latexit sha1_base64="CHhRVYarKJGsC2wfBRdj+rFm1iQ=">AAAB6nicbVA9SwNBEJ2LRmP8iloKuhgEq3CXQi0DNmIV0XxAcoS9zSZZsrd37M4J4UhrZ2OhiK2lv8bOf+Pmo9DEBwOP92aYmRfEUhh03W8ns7KaXVvPbeQ3t7Z3dgt7+3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBq4jceuDYiUvc4irkf0r4SPcEoWumu3sFOoeiW3CnIMvHmpFghR5+P2cFxtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NQxObVKl/QibUshmaq/J1IaGjMKA9sZUhyYRW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyN+kKzRnKkSWUaWFvJWxANWVo08nbELzFl5dJvVzyzkvlW5vGDcyQg0M4gTPw4AIqcA1VqAGDPjzBC7w60nl23pz3WWvGmc8cwB84Hz9CxZAI</latexit>

Vt
<latexit sha1_base64="CHhRVYarKJGsC2wfBRdj+rFm1iQ=">AAAB6nicbVA9SwNBEJ2LRmP8iloKuhgEq3CXQi0DNmIV0XxAcoS9zSZZsrd37M4J4UhrZ2OhiK2lv8bOf+Pmo9DEBwOP92aYmRfEUhh03W8ns7KaXVvPbeQ3t7Z3dgt7+3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBq4jceuDYiUvc4irkf0r4SPcEoWumu3sFOoeiW3CnIMvHmpFghR5+P2cFxtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NQxObVKl/QibUshmaq/J1IaGjMKA9sZUhyYRW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyN+kKzRnKkSWUaWFvJWxANWVo08nbELzFl5dJvVzyzkvlW5vGDcyQg0M4gTPw4AIqcA1VqAGDPjzBC7w60nl23pz3WWvGmc8cwB84Hz9CxZAI</latexit>

Vt
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<latexit sha1_base64="HL5F1jnEVw2F3+nraXBeQPsmFRU=">AAACCHicbZBLS8NAFIUnPmt8RV26cLAILkpIiqjLghuXFUxbSEKYTKft0MmDmRuxhIIbN/4VNy4UcetPcOe/MWm70NYDAx/n3GHmnjAVXIFlfWtLyyura+uVDX1za3tn19jbb6kkk5Q5NBGJ7IREMcFj5gAHwTqpZCQKBWuHw6syb98xqXgS38IoZX5E+jHvcUqgsALjqBWAp3iEHdeq2b4H7B7yGuYmN7vmWNcDo2qZ1kR4EewZVNFMzcD48roJzSIWAxVEKde2UvBzIoFTwca6lymWEjokfeYWGJOIKT+fLDLGJ4XTxb1EFicGPHF/38hJpNQoCovJiMBAzWel+V/mZtC79HMepxmwmE4f6mUCQ4LLVnCXS0ZBjAogVPLir5gOiCQUiu7KEuz5lRehVTftc7N+c1ZtuA/TOiroEB2jU2SjC9RA16iJHETRI3pGr+hNe9JetHftYzq6pM0qPEB/pH3+AJgEmEI=</latexit>

Vt ⇠ U [0, 1], i.i.d.
Vt=0.5 VT=?b

…

• ONLINE : Accept if  
• Let h=T-t, and define  

<latexit sha1_base64="NowcBzpzInLly/nh0O8faCmK4fY=">AAAB+HicbVDLSsNQEL2prxofjbp0EyyCq5IUUZcFN+Kqgn1AE8LN7aS99ObhvROhhn6JGxeKuPVT3Pk3Jm0W2npg4HDODDNz/ERwhZb1rVXW1jc2t6rb+s7u3n7NODjsqjiVDDosFrHs+1SB4BF0kKOAfiKBhr6Anj+5LvzeI0jF4+gepwm4IR1FPOCMYi55Rq3roTOCBwfHgFTXPaNuNaw5zFVil6ROSrQ948sZxiwNIUImqFID20rQzahEzgTMdCdVkFA2oSMY5DSiISg3mx8+M09zZWgGscwrQnOu/p7IaKjUNPTzzpDiWC17hfifN0gxuHIzHiUpQsQWi4JUmBibRQrmkEtgKKY5oUzy/FaTjamkDPOsihDs5ZdXSbfZsC8azbvzeuu2jKNKjskJOSM2uSQtckPapEMYSckzeSVv2pP2or1rH4vWilbOHJE/0D5/ANyqkpg=</latexit>

Vt � ✓
<latexit sha1_base64="Fu7ZSMuKxkdiGU9/3J8IfwpwK/o="></latexit>

V h
[b] = {bth largest value in V [t+ 1], V [t+ 2], . . . , V [T ]}

0 1

<latexit sha1_base64="s+VXm5c3z/dSfV4weeyojpm0fhU=">AAAB8HicbVC7SgNBFL0bXzG+opY2g0G0CrspjGXARqwimIds1jA7mSRDZmaXmVkhLGks/AEbC0WsBD/DT7Dzb5w8Ck08cOFwzr3ce08Yc6aN6347maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYk05k7RmmOG0GSuKRchpIxycj/3GHVWaRfLaDGMaCNyTrMsINla6qbdTPwxGt/12vuAW3QnQIvFmpFAp3zfeHz6Pq+38V6sTkURQaQjHWvueG5sgxcowwuko10o0jTEZ4B71LZVYUB2kk4NH6MgqHdSNlC1p0ET9PZFiofVQhLZTYNPX895Y/M/zE9M9C1Im48RQSaaLuglHJkLj71GHKUoMH1qCiWL2VkT6WGFibEY5G4I3//IiqZeK3mmxdGXTuIQpsnAAh3ACHpShAhdQhRoQEPAIz/DiKOfJeXXepq0ZZzazD3/gfPwAXPaT0g==</latexit>

V h
[b]

<latexit sha1_base64="Ijh+gaco9PkZjfVg/jQNlmdjOTg=">AAAB7XicbZDLSgMxFIYzXut4q7p0EyyCqzLThboRC27EVQV7gXYomTTTxmaSITkjlKHv4MaFIm4UfB1xI76N6WWhrT8EPv7/HHLOCRPBDXjet7OwuLS8sppbc9c3Nre28zu7NaNSTVmVKqF0IySGCS5ZFTgI1kg0I3EoWD3sX4zy+h3Thit5A4OEBTHpSh5xSsBatRb0GJB2vuAVvbHwPPhTKJx/vH65Z8lbpZ3/bHUUTWMmgQpiTNP3EggyooFTwYZuKzUsIbRPuqxpUZKYmSAbTzvEh9bp4Ehp+yTgsfu7IyOxMYM4tJUxgZ6ZzUbmf1kzheg0yLhMUmCSTj6KUoFB4dHquMM1oyAGFgjV3M6KaY9oQsEeyLVH8GdXnodaqegfF0vXXqF8hSbKoX10gI6Qj05QGV2iCqoiim7RPXpET45yHpxn52VSuuBMe/bQHznvP+SUkxc=</latexit>

✓

<latexit sha1_base64="CHhRVYarKJGsC2wfBRdj+rFm1iQ=">AAAB6nicbVA9SwNBEJ2LRmP8iloKuhgEq3CXQi0DNmIV0XxAcoS9zSZZsrd37M4J4UhrZ2OhiK2lv8bOf+Pmo9DEBwOP92aYmRfEUhh03W8ns7KaXVvPbeQ3t7Z3dgt7+3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBq4jceuDYiUvc4irkf0r4SPcEoWumu3sFOoeiW3CnIMvHmpFghR5+P2cFxtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NQxObVKl/QibUshmaq/J1IaGjMKA9sZUhyYRW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyN+kKzRnKkSWUaWFvJWxANWVo08nbELzFl5dJvVzyzkvlW5vGDcyQg0M4gTPw4AIqcA1VqAGDPjzBC7w60nl23pz3WWvGmc8cwB84Hz9CxZAI</latexit>

Vt

Comp(t)
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<latexit sha1_base64="HL5F1jnEVw2F3+nraXBeQPsmFRU=">AAACCHicbZBLS8NAFIUnPmt8RV26cLAILkpIiqjLghuXFUxbSEKYTKft0MmDmRuxhIIbN/4VNy4UcetPcOe/MWm70NYDAx/n3GHmnjAVXIFlfWtLyyura+uVDX1za3tn19jbb6kkk5Q5NBGJ7IREMcFj5gAHwTqpZCQKBWuHw6syb98xqXgS38IoZX5E+jHvcUqgsALjqBWAp3iEHdeq2b4H7B7yGuYmN7vmWNcDo2qZ1kR4EewZVNFMzcD48roJzSIWAxVEKde2UvBzIoFTwca6lymWEjokfeYWGJOIKT+fLDLGJ4XTxb1EFicGPHF/38hJpNQoCovJiMBAzWel+V/mZtC79HMepxmwmE4f6mUCQ4LLVnCXS0ZBjAogVPLir5gOiCQUiu7KEuz5lRehVTftc7N+c1ZtuA/TOiroEB2jU2SjC9RA16iJHETRI3pGr+hNe9JetHftYzq6pM0qPEB/pH3+AJgEmEI=</latexit>

Vt ⇠ U [0, 1], i.i.d.
Vt=0.5 VT=?b

…

• ONLINE : Accept if  
• Let h=T-t, and define  

<latexit sha1_base64="NowcBzpzInLly/nh0O8faCmK4fY=">AAAB+HicbVDLSsNQEL2prxofjbp0EyyCq5IUUZcFN+Kqgn1AE8LN7aS99ObhvROhhn6JGxeKuPVT3Pk3Jm0W2npg4HDODDNz/ERwhZb1rVXW1jc2t6rb+s7u3n7NODjsqjiVDDosFrHs+1SB4BF0kKOAfiKBhr6Anj+5LvzeI0jF4+gepwm4IR1FPOCMYi55Rq3roTOCBwfHgFTXPaNuNaw5zFVil6ROSrQ948sZxiwNIUImqFID20rQzahEzgTMdCdVkFA2oSMY5DSiISg3mx8+M09zZWgGscwrQnOu/p7IaKjUNPTzzpDiWC17hfifN0gxuHIzHiUpQsQWi4JUmBibRQrmkEtgKKY5oUzy/FaTjamkDPOsihDs5ZdXSbfZsC8azbvzeuu2jKNKjskJOSM2uSQtckPapEMYSckzeSVv2pP2or1rH4vWilbOHJE/0D5/ANyqkpg=</latexit>

Vt � ✓
<latexit sha1_base64="Fu7ZSMuKxkdiGU9/3J8IfwpwK/o="></latexit>

V h
[b] = {bth largest value in V [t+ 1], V [t+ 2], . . . , V [T ]}

0 1

<latexit sha1_base64="s+VXm5c3z/dSfV4weeyojpm0fhU=">AAAB8HicbVC7SgNBFL0bXzG+opY2g0G0CrspjGXARqwimIds1jA7mSRDZmaXmVkhLGks/AEbC0WsBD/DT7Dzb5w8Ck08cOFwzr3ce08Yc6aN6347maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYk05k7RmmOG0GSuKRchpIxycj/3GHVWaRfLaDGMaCNyTrMsINla6qbdTPwxGt/12vuAW3QnQIvFmpFAp3zfeHz6Pq+38V6sTkURQaQjHWvueG5sgxcowwuko10o0jTEZ4B71LZVYUB2kk4NH6MgqHdSNlC1p0ET9PZFiofVQhLZTYNPX895Y/M/zE9M9C1Im48RQSaaLuglHJkLj71GHKUoMH1qCiWL2VkT6WGFibEY5G4I3//IiqZeK3mmxdGXTuIQpsnAAh3ACHpShAhdQhRoQEPAIz/DiKOfJeXXepq0ZZzazD3/gfPwAXPaT0g==</latexit>

V h
[b]

<latexit sha1_base64="Ijh+gaco9PkZjfVg/jQNlmdjOTg=">AAAB7XicbZDLSgMxFIYzXut4q7p0EyyCqzLThboRC27EVQV7gXYomTTTxmaSITkjlKHv4MaFIm4UfB1xI76N6WWhrT8EPv7/HHLOCRPBDXjet7OwuLS8sppbc9c3Nre28zu7NaNSTVmVKqF0IySGCS5ZFTgI1kg0I3EoWD3sX4zy+h3Thit5A4OEBTHpSh5xSsBatRb0GJB2vuAVvbHwPPhTKJx/vH65Z8lbpZ3/bHUUTWMmgQpiTNP3EggyooFTwYZuKzUsIbRPuqxpUZKYmSAbTzvEh9bp4Ehp+yTgsfu7IyOxMYM4tJUxgZ6ZzUbmf1kzheg0yLhMUmCSTj6KUoFB4dHquMM1oyAGFgjV3M6KaY9oQsEeyLVH8GdXnodaqegfF0vXXqF8hSbKoX10gI6Qj05QGV2iCqoiim7RPXpET45yHpxn52VSuuBMe/bQHznvP+SUkxc=</latexit>

✓

<latexit sha1_base64="CHhRVYarKJGsC2wfBRdj+rFm1iQ=">AAAB6nicbVA9SwNBEJ2LRmP8iloKuhgEq3CXQi0DNmIV0XxAcoS9zSZZsrd37M4J4UhrZ2OhiK2lv8bOf+Pmo9DEBwOP92aYmRfEUhh03W8ns7KaXVvPbeQ3t7Z3dgt7+3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBq4jceuDYiUvc4irkf0r4SPcEoWumu3sFOoeiW3CnIMvHmpFghR5+P2cFxtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NQxObVKl/QibUshmaq/J1IaGjMKA9sZUhyYRW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyN+kKzRnKkSWUaWFvJWxANWVo08nbELzFl5dJvVzyzkvlW5vGDcyQg0M4gTPw4AIqcA1VqAGDPjzBC7w60nl23pz3WWvGmc8cwB84Hz9CxZAI</latexit>

Vt

Comp(t)

<latexit sha1_base64="M5h8eAcEMFj9266RYGc3XeSkT3Y="></latexit>

Comp(t) = |V h
[b] � Vt]|1Vt2[✓,V h

[b]
]
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<latexit sha1_base64="HL5F1jnEVw2F3+nraXBeQPsmFRU=">AAACCHicbZBLS8NAFIUnPmt8RV26cLAILkpIiqjLghuXFUxbSEKYTKft0MmDmRuxhIIbN/4VNy4UcetPcOe/MWm70NYDAx/n3GHmnjAVXIFlfWtLyyura+uVDX1za3tn19jbb6kkk5Q5NBGJ7IREMcFj5gAHwTqpZCQKBWuHw6syb98xqXgS38IoZX5E+jHvcUqgsALjqBWAp3iEHdeq2b4H7B7yGuYmN7vmWNcDo2qZ1kR4EewZVNFMzcD48roJzSIWAxVEKde2UvBzIoFTwca6lymWEjokfeYWGJOIKT+fLDLGJ4XTxb1EFicGPHF/38hJpNQoCovJiMBAzWel+V/mZtC79HMepxmwmE4f6mUCQ4LLVnCXS0ZBjAogVPLir5gOiCQUiu7KEuz5lRehVTftc7N+c1ZtuA/TOiroEB2jU2SjC9RA16iJHETRI3pGr+hNe9JetHftYzq6pM0qPEB/pH3+AJgEmEI=</latexit>

Vt ⇠ U [0, 1], i.i.d.
Vt=0.5 VT=?b

…

• ONLINE : Accept if  
• Let h=T-t, and define  

<latexit sha1_base64="NowcBzpzInLly/nh0O8faCmK4fY=">AAAB+HicbVDLSsNQEL2prxofjbp0EyyCq5IUUZcFN+Kqgn1AE8LN7aS99ObhvROhhn6JGxeKuPVT3Pk3Jm0W2npg4HDODDNz/ERwhZb1rVXW1jc2t6rb+s7u3n7NODjsqjiVDDosFrHs+1SB4BF0kKOAfiKBhr6Anj+5LvzeI0jF4+gepwm4IR1FPOCMYi55Rq3roTOCBwfHgFTXPaNuNaw5zFVil6ROSrQ948sZxiwNIUImqFID20rQzahEzgTMdCdVkFA2oSMY5DSiISg3mx8+M09zZWgGscwrQnOu/p7IaKjUNPTzzpDiWC17hfifN0gxuHIzHiUpQsQWi4JUmBibRQrmkEtgKKY5oUzy/FaTjamkDPOsihDs5ZdXSbfZsC8azbvzeuu2jKNKjskJOSM2uSQtckPapEMYSckzeSVv2pP2or1rH4vWilbOHJE/0D5/ANyqkpg=</latexit>

Vt � ✓
<latexit sha1_base64="Fu7ZSMuKxkdiGU9/3J8IfwpwK/o="></latexit>

V h
[b] = {bth largest value in V [t+ 1], V [t+ 2], . . . , V [T ]}

0 1

<latexit sha1_base64="s+VXm5c3z/dSfV4weeyojpm0fhU=">AAAB8HicbVC7SgNBFL0bXzG+opY2g0G0CrspjGXARqwimIds1jA7mSRDZmaXmVkhLGks/AEbC0WsBD/DT7Dzb5w8Ck08cOFwzr3ce08Yc6aN6347maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYk05k7RmmOG0GSuKRchpIxycj/3GHVWaRfLaDGMaCNyTrMsINla6qbdTPwxGt/12vuAW3QnQIvFmpFAp3zfeHz6Pq+38V6sTkURQaQjHWvueG5sgxcowwuko10o0jTEZ4B71LZVYUB2kk4NH6MgqHdSNlC1p0ET9PZFiofVQhLZTYNPX895Y/M/zE9M9C1Im48RQSaaLuglHJkLj71GHKUoMH1qCiWL2VkT6WGFibEY5G4I3//IiqZeK3mmxdGXTuIQpsnAAh3ACHpShAhdQhRoQEPAIz/DiKOfJeXXepq0ZZzazD3/gfPwAXPaT0g==</latexit>

V h
[b]

<latexit sha1_base64="Ijh+gaco9PkZjfVg/jQNlmdjOTg=">AAAB7XicbZDLSgMxFIYzXut4q7p0EyyCqzLThboRC27EVQV7gXYomTTTxmaSITkjlKHv4MaFIm4UfB1xI76N6WWhrT8EPv7/HHLOCRPBDXjet7OwuLS8sppbc9c3Nre28zu7NaNSTVmVKqF0IySGCS5ZFTgI1kg0I3EoWD3sX4zy+h3Thit5A4OEBTHpSh5xSsBatRb0GJB2vuAVvbHwPPhTKJx/vH65Z8lbpZ3/bHUUTWMmgQpiTNP3EggyooFTwYZuKzUsIbRPuqxpUZKYmSAbTzvEh9bp4Ehp+yTgsfu7IyOxMYM4tJUxgZ6ZzUbmf1kzheg0yLhMUmCSTj6KUoFB4dHquMM1oyAGFgjV3M6KaY9oQsEeyLVH8GdXnodaqegfF0vXXqF8hSbKoX10gI6Qj05QGV2iCqoiim7RPXpET45yHpxn52VSuuBMe/bQHznvP+SUkxc=</latexit>

✓

<latexit sha1_base64="CHhRVYarKJGsC2wfBRdj+rFm1iQ=">AAAB6nicbVA9SwNBEJ2LRmP8iloKuhgEq3CXQi0DNmIV0XxAcoS9zSZZsrd37M4J4UhrZ2OhiK2lv8bOf+Pmo9DEBwOP92aYmRfEUhh03W8ns7KaXVvPbeQ3t7Z3dgt7+3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBq4jceuDYiUvc4irkf0r4SPcEoWumu3sFOoeiW3CnIMvHmpFghR5+P2cFxtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NQxObVKl/QibUshmaq/J1IaGjMKA9sZUhyYRW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyN+kKzRnKkSWUaWFvJWxANWVo08nbELzFl5dJvVzyzkvlW5vGDcyQg0M4gTPw4AIqcA1VqAGDPjzBC7w60nl23pz3WWvGmc8cwB84Hz9CxZAI</latexit>

Vt

Comp(t)

<latexit sha1_base64="srQXsthDQpiUaHVmkf4ugNOgI8Y="></latexit>

E[Comp(t)] = E
h
E[|V h

[b] � Vt|1Vt2[✓,V h
[b]

]|Vt]
��� V h

[b]

i

= E
h
(V h

[b] � ✓)2/2|V h
[b]

i
 V ar(V h

[b]) = ⇥(1/h)
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<latexit sha1_base64="HL5F1jnEVw2F3+nraXBeQPsmFRU=">AAACCHicbZBLS8NAFIUnPmt8RV26cLAILkpIiqjLghuXFUxbSEKYTKft0MmDmRuxhIIbN/4VNy4UcetPcOe/MWm70NYDAx/n3GHmnjAVXIFlfWtLyyura+uVDX1za3tn19jbb6kkk5Q5NBGJ7IREMcFj5gAHwTqpZCQKBWuHw6syb98xqXgS38IoZX5E+jHvcUqgsALjqBWAp3iEHdeq2b4H7B7yGuYmN7vmWNcDo2qZ1kR4EewZVNFMzcD48roJzSIWAxVEKde2UvBzIoFTwca6lymWEjokfeYWGJOIKT+fLDLGJ4XTxb1EFicGPHF/38hJpNQoCovJiMBAzWel+V/mZtC79HMepxmwmE4f6mUCQ4LLVnCXS0ZBjAogVPLir5gOiCQUiu7KEuz5lRehVTftc7N+c1ZtuA/TOiroEB2jU2SjC9RA16iJHETRI3pGr+hNe9JetHftYzq6pM0qPEB/pH3+AJgEmEI=</latexit>

Vt ⇠ U [0, 1], i.i.d.
Vt=0.5 VT=?b

…

• ONLINE : Accept if  
• Let h=T-t, and define  

<latexit sha1_base64="NowcBzpzInLly/nh0O8faCmK4fY=">AAAB+HicbVDLSsNQEL2prxofjbp0EyyCq5IUUZcFN+Kqgn1AE8LN7aS99ObhvROhhn6JGxeKuPVT3Pk3Jm0W2npg4HDODDNz/ERwhZb1rVXW1jc2t6rb+s7u3n7NODjsqjiVDDosFrHs+1SB4BF0kKOAfiKBhr6Anj+5LvzeI0jF4+gepwm4IR1FPOCMYi55Rq3roTOCBwfHgFTXPaNuNaw5zFVil6ROSrQ948sZxiwNIUImqFID20rQzahEzgTMdCdVkFA2oSMY5DSiISg3mx8+M09zZWgGscwrQnOu/p7IaKjUNPTzzpDiWC17hfifN0gxuHIzHiUpQsQWi4JUmBibRQrmkEtgKKY5oUzy/FaTjamkDPOsihDs5ZdXSbfZsC8azbvzeuu2jKNKjskJOSM2uSQtckPapEMYSckzeSVv2pP2or1rH4vWilbOHJE/0D5/ANyqkpg=</latexit>

Vt � ✓
<latexit sha1_base64="Fu7ZSMuKxkdiGU9/3J8IfwpwK/o="></latexit>

V h
[b] = {bth largest value in V [t+ 1], V [t+ 2], . . . , V [T ]}

<latexit sha1_base64="srQXsthDQpiUaHVmkf4ugNOgI8Y="></latexit>

E[Comp(t)] = E
h
E[|V h

[b] � Vt|1Vt2[✓,V h
[b]

]|Vt]
��� V h

[b]

i

= E
h
(V h

[b] � ✓)2/2|V h
[b]

i
 V ar(V h

[b]) = ⇥(1/h)

<latexit sha1_base64="7HW1K8ix93DCQTvJ9HwumQ8Xgi4=">AAACG3icbVDLSgNBEJz1bXxFPXoZDIqihF0R9SIERBBPKnkI2SXMTjrJkNkHM71iWPIRfoDf4VXxJl495G+cjTloYsFAUV1NT5UfS6HRtgfW1PTM7Nz8wmJuaXlldS2/vlHVUaI4VHgkI3XvMw1ShFBBgRLuYwUs8CXU/O5FNq89gNIiCsvYi8ELWDsULcEZGqmRP3ADhh3fTy/7dRfhEdM7aCvAvkd3z6lb7gCyPVdGbVreb+QLdtEegk4SZ0QKZISbRn7gNiOeBBAil0zrumPH6KVMoeAS+jk30RAz3mVtqBsasgC0lw5D9emOUZq0FSnzQqRD9fdGygKte4F/2NSZwSxkSfS4JRP/m9UTbJ15qQjjBCHkP/daiaQY0awo2hQKOMqeIYwrYb5MeYcpxtHUmTNdOOPJJ0n1qOicFI9ujwul61ErC2SLbJM94pBTUiJX5IZUCCdP5IW8kjfr2Xq3PqzPH+uUNdrZJH9gfX0DDk+g5Q==</latexit>

E[Regret] = ⇥(log T )

Rob Bray: Does the Multisecretary Problem Always Have Bounded Regret? (2020)

https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3497056


Coupling to easy system with more information

40

ΦOFF( ) , QOFF( , ) : value/Q functions for OFFLINE 
ΦON( )  , QON( , )  : value/Q functions for ONLINE 
                  St , At : state/action taken by ONLINE in time slot t

Ft = ‘natural’ filtration

Gt = ‘richer’ filtration (i.e., Ft ✓ Gt)

<latexit sha1_base64="+DI9cRyO6mQw5bEDp58YoR+5DMI="></latexit>

OFFLINE ONLINE
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ΦOFF(S1) = R1(S1, A1) + ΦOFF(S2) + Comp(1)

ΦOFF(S2) = R2(S2, A2) + ΦOFF(S3) + Comp(2)

ΦOFF(ST) = RT(ST, AT) + ΦOFF(ST+1) + Comp(T)

…

OFFLINE ONLINE
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ΦOFF(S1) = R1(S1, A1) + ΦOFF(S2) + Comp(1)

ΦOFF(S2) = R2(S2, A2) + ΦOFF(S3) + Comp(2)

ΦOFF(ST) = RT(ST, AT) + ΦOFF(ST+1) + Comp(T)

…

QOFF(S1, A1)

OFFLINE ONLINE
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ΦOFF(S1) = R1(S1, A1) + ΦOFF(S2) + Comp(1)

ΦOFF(S2) = R2(S2, A2) + ΦOFF(S3) + Comp(2)

ΦOFF(ST) = RT(ST, AT) + ΦOFF(ST+1) + Comp(T)

…
ΦOFF(S1) = (R1(S1, A1)+…+ RT(ST, AT))+(Comp(1)+Comp(T))

QOFF(S1, A1)

OFFLINE ONLINE



Compensated coupling
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ΦOFF(S1) = R1(S1, A1) + ΦOFF(S2) + Comp(1)

ΦOFF(S2) = R2(S2, A2) + ΦOFF(S3) + Comp(2)

ΦOFF(ST) = RT(ST, AT) + ΦOFF(ST+1) + Comp(T)

…
ΦOFF(S1) = RON(S1) + Total Comp

future value

realized reward

QOFF(S1, A1)

OFFLINE ONLINE



Compensated coupling: network revenue management

42Vera and Banerjee: The Bayesian Prophet (2020)

For NRM with d resources, finite types
<latexit sha1_base64="P10EHNhVHHnRR/hsQ1+xtc2B2bM=">AAACFnicbVDLSgNBEJz1GeMr6tHLYFAUJOwGUS9CQATxFCWJQnYJs7OdZMjsg5leMSz5Az/A7/CqeBOvXv0bZ2MOvgoGiupqeqr8RAqNtv1hTU3PzM7NFxaKi0vLK6ultfWWjlPFocljGasbn2mQIoImCpRwkyhgoS/h2h+c5vPrW1BaxFEDhwl4IetFois4QyN1SjtuyLDv+9nZqO0i3GF2BT0FOPLozgl1G31AthvsdUplu2KPQf8SZ0LKZIJ6p/ThBjFPQ4iQS6Z127ET9DKmUHAJo6KbakgYH7AetA2NWAjay8Z5RnTbKAHtxsq8COlY/b6RsVDrYejvBzo3mIU8hP5tycX/Zu0Uu8deJqIkRYj4171uKinGNO+IBkIBRzk0hHElzJcp7zPFOJomi6YL53fyv6RVrTiHlerlQbl2MWmlQDbJFtklDjkiNXJO6qRJOLknj+SJPFsP1ov1ar19Waesyc4G+QHr/RNxpp8F</latexit>

E[Regret] = ⇥(d)

https://people.orie.cornell.edu/sbanerjee/publication/vera-19/


Compensated coupling: online bin packing

43Banerjee and Freund: Uniform Loss Algorithms for Online Stochastic Decision-Making (2020)

For online bin-packing with finite types
<latexit sha1_base64="zMlOs8xFty1B+Xbeg/ihTVEvZpM=">AAACGXicbVDLSgNBEJz1GeNr1aOXwaAoSNgVUY+CCOIpSmKE7BJmJ51kyOzDmV4xLPkGP8Dv8Kp4E6+e8jfOxhw0WjBQVFfTUxUkUmh0nKE1NT0zOzdfWCguLi2vrNpr6zc6ThWHGo9lrG4DpkGKCGooUMJtooCFgYR60DvL5/V7UFrEURX7Cfgh60SiLThDIzXtPS9k2A2C7HzQ8BAeMLuGjgIc+HTHk3BHvWoXkO26e0275JSdEehf4o5JiYxRadpDrxXzNIQIuWRaN1wnQT9jCgWXMCh6qYaE8R7rQMPQiIWg/WwUaUC3jdKi7ViZFyEdqT83MhZq3Q+D/ZbODWYhz6EnLbn436yRYvvEz0SUpAgR/77XTiXFmOY10ZZQwFH2DWFcCfNlyrtMMY6mzKLpwp1M/pfcHJTdo/LB1WHp9HLcSoFski2yS1xyTE7JBamQGuHkkTyTF/JqPVlv1rv18W2dssY7G+QXrM8v4z2gUQ==</latexit>

E[Regret]  ⇥(1)

https://people.orie.cornell.edu/sbanerjee/publication/freund-20/


Classifying coupling techniques
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3. Simpler dynamics

A. Every sample path B. Steady-state distribution
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Online knapsack 
(via constraints-to-costs)

Queues with redundancy
SIS epidemics
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A1 B1

A2 B2

A3 B3

1. More information

2. Fewer constraints

3. Simpler dynamics

A. Every sample path B. Steady-state distribution

BIG online knapsack 
(via compensated coupling)

M/M/k vs. M/M/1

Online knapsack 
(via constraints-to-costs)

Queues with redundancy
SIS epidemics

To be continued…
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tomorrow!


