Performance of the

GittinS POlicy in the
G/G/1 & G/G/k,

With and Without Setup Times

Yige Hong

Carnegie Mellon University

G/GN | 144114
Ziv Scully w:> ENRERRE
Cornell University SV Y

FERNS




How should we schedule jobs
to minimize delay?



How should we schedule jobs
to minimize delay?

10




How should we schedule jobs
to minimize delay?

10,




How should we schedule jobs
to minimize delay?

10




How should we schedule jobs
to minimize delay?

10,




How should we schedule jobs
to minimize delay?

10,




How should we schedule jobs
to minimize delay?

HR0;




How should we schedule jobs
to minimize delay?

HRO;




How should we schedule jobs
to minimize delay?

HRO;




How should we schedule jobs
to minimize delay?

HRO;




How should we schedule jobs
to minimize delay?

BRIRG:




How should we schedule jobs
to minimize delay?

]

'__Cllnl
G

I

T = response time




How should we schedule jobs

to minimize delay?
E[T]

]

'__Cllnl
G

I

T = response time




How should we schedule jobs
to minimize delay?

E|T]
JRRG:
| .

T = response time



How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

T = response time

C..,.




How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

{C

T = response time



How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

{C

T = response time



How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

{C

T = response time



How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

{C

T = response time



How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

L I

T = response time




How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

L I

T = response time




How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

L I

T = response time




How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

| U
| —

T = response time




How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

RO,

T = response time




How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

T = response time




How should we schedule jobs
to minimize delay?

E[T]
Serve short jobs
before long jobs

T = response time




Scheduling with sizes



Scheduling with sizes

rl

size unknown 83{

C I {_I_.I.-LJ_L-



Scheduling with sizes

rl

size unknown 83{

-age known W

C La_] {_l_l-L.l_L-
J



Scheduling with sizes

e

-age known %

ot

size distribution S knoanf

-

—

—

T

L.
size unknown 83{ R
\J




Scheduling with

-

-LJa_L.

Jo

size unknown 83{

J

-age known %

ot

size distribution S knoanf

S

S —

s1zes

Example:

1 wp.
6 w.p.

14  w.p.

W= W= W=



Scheduling with

S —

age

s1zes

Example:
1 wp.
6 w.p.
14  w.p.

W= W= W=



Scheduling with

@rioritz?

s1zes

Example:

1 wp.
S=4{6 wp.
14  w.p.

M

}—"

W= W= W=



Scheduling with unknown sizes

[ priority ?

rank

N\

ek ()

QO

Example:
1 xmp.%
S=16 \Mp.%
14 xmp.%
5




Scheduling with unknown sizes

[ priority ?

rank

N\

ek ()

Gittins policy

QO

Example:
1 xmp.%
S=16 \Mp.%
14 xmp.%
5
age Ai_UJ




Scheduling with unknown sizes

Cpriority:\g Gittins policy

rank Optimal in M/G/ 1)) Example:

N

@
QN

W= W= W=



SRPT in M/G/1

= _1116[80

Gittins in M/G/1

[ [
[ [ [
[ [ [
1A 1A ]
[ [ !
[ [
[ (]
v ! v !
v ! v !
N’ \_?

SRPT in M/G/k

= _|lol6

Gittins in M/G/k

[
[ B [ I (I
] ! ] ! ] '
] ] (]
[ [ (]
] [] ] ]
(] (]
[ [
v 1 v 1
N/ N/

-

o000

o000



SRPT in M/G/1

=)

o]k

9

Gittins in M/

=)

SRPT in M/

=)

Gittins in M/

=)

G/1

[ J—] "

] ] ] ] ] ]
[ I ) [ I ) [ |
I I ]

] ] ] ]

[ I | [ I |

v ! [

v ! v !

\N_/ \N_/

-

G/k

Al

o000

G/k

|

[ B [ Q| '
[ [ |
] ] (]
[ [ | !
] [] ] ]

(] (]

[ [

v 1 v 1

N/ N/

VAR

1966: compute E[T] (Schrage & Miller)



SRPT in M/G/1

=)

il

9

Gittins in M/

=)

SRPT in M/G/k

=)

Gittins in M/

=)

G/1

] ]
"
] ] ] ] ] ]
[ I ) [ I ) [ |
I I ]
] ] ] ]
[ I | [ I |
v ! [
v ! v !
\N_/ \N_/

-

Al

o000

G/k

] )
-

[
[ ]
[ |
] ] (]
[ [ | !
] [] ] ]
(] (]
[ [
v 1 v 1
N/ N/

VAR

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)



SRPT in M/G/1

=)

il

9

G/1

Gittins in M/

=)

] ] ]

[ J—] "

] ] ] ] ] ]
[ I ) [ I ) [ |
I I ]

] ] ] ]

[ I | [ I |

v ! [

v ! v !

\N_/ \N_/

-

SRPT in M/Gél((}
=_10ol8F3
G/k

Gittins in M/

=)

[ |

[ B [ Q| '
[ [ |
] ] (]
[ [ | !
] [] ] ]

(] (]

[ [

v 1 v 1

N/ N/

VAR

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)



SRPT in M/G/1

=)

il

9

G/1

Gittins in M/

=)

] ] ]

[ J—] "

] ] ] ] ] ]
[ I ) [ I ) [ |
I I ]

] ] ] ]

[ I | [ I |

v ! [

v ! v !

\N_/ \N_/

-

SRPT in M/Gél((}
=_10ol8F3
G/k

Gittins in M/

=)

[ |

[ B [ Q| '
[ [ |
] ] (]
[ [ | !
] [] ] ]

(] (]

[ [

v 1 v 1

N/ N/

VAR

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)
2005: E[T] in M/M/1 (Whittle)



SRPTIin M/G/1 1966: compute E[T] (Schrage & Miller)

:_-> G \ v \ @ G 1968: optimal (Schrage)

Gittins in M/G/1 1970s: optimal (Sevcik; von Olivier; Gittins)
D R \ \ 2005: E[T] in M/M/1 (Whittle)
SEREAL 2018: E[T] in M/G/1 (Scully et al.)
SRPT in M/G/k

= _|lol6

Gittins in M/G/k

[ ]

[ I [ I

] ! ] ! ] '
1 1 ]
[I— [ | !
] [] ] ]

[ ]

[ [

v 1 v 1

\—I \—I

-

o000

o000




S%PT in M/G/1

=)

il

9

G/1

Gittins in M/

=)

SIEPT in M/G/k

=)

Gittins in M/

=)

] ]
[ J—] "
] ] ] ] ] ]
[ I ) [ I ) [ |
I I ]
] ] ] ]
[ I | [ I |
v ! [
v ! v !
\N_/ \N_/

-

Al

o000

G/k

[ |

[ ]

[ [ |
] ] (]
[ [ | !
] [] ] ]

(] (]

[ [

v 1 v 1

N/ N/

VAR

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)

2005: E|[T]

2018: E|T]

in M/M/1 (Whittle)
in M/G/1 (Scully et al.)

2018: E[T] bound, “near-optimal” (Grosof et al.)



SRPTIin M/G/1 1966: compute E[T] (Schrage & Miller)

=)

1968: optimal (Schrage)
INe;

Gittins in M/G/1 1970s: optimal (Sevcik; von Olivier; Gittins)

=)

2005: E[T] in M/M/1 (Whittle)
2018: E[T] in M/G/1 (Scully et al.)

-

[ ]

[ [

[ [ [
[ [ [l
[ [ |
[ [

(B! [

v ! v !

v ! v !

\-’ \-’

SRPT in M/G/k  2018: E[T] bound, “near-optimal” (Grosof et al.)

=)

o000

Al

Gittins in M/G/k 2001: M/M/k (Glazebrook & Nifio-Mora)

=)

[

[ B [ Q| '
[ [ |
] ] (]
[ [ | 1}
[ '

(] (]

[ [

v 1 v 1

\—I \—I

VAR




S%PT in M/G/1

=)

il

9

Gittins in M/

=)

SIEPT in M/G/k

=)

Gittins in M/

=)

G/1

] ]
"
] ] ] ] ] ]
[ I ) [ I ) [ |
I I ]
] ] ] ]
[ I | [ I |
v ! [
v ! v !
\N_/ \N_/

-

Al

o000

G/k

[

[ I

[ [ |
] ] (]
[ [ | !
] [] ] ]

(] (]

[ [

v 1 v 1

N/ N/

VAR

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)

2005: E|[T]

2018: E|T]

in M/M/1 (Whittle)
in M/G/1 (Scully et al.)

2018: E[T] bound, “near-optimal” (Grosof et al.)

2001: M/M/k (Glazebrook & Nifio-Mora)
2003: nonpreemptive M/G/k (Glazebrook)



S%PT in M/G/1

=)

il

9

Gittins in M/

=)

SIEPT in M/G/k

=)

Gittins in M/

=)

G/1

] }
[J— |
] ] ] ] ] ]
[ I | [ I | [ |
| I—) | I—) [}
' ] ] ]
[ I | [ e |
v v
v ! [
\N_/ \N_/

-

Al

o000

G/k

[

[ I

[ [ |
] ] (]
I I [} ]
] ] ] []

(] (]

[ [

v 1 v 1

N/ N/

VAR

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)

2005: E|[T]

2018: E|T]

in M/M/1 (Whittle)
in M/G/1 (Scully et al.)

2018: E[T] bound, “near-optimal” (Grosof et al.)

2001: M/M/k (Glazebrook & Nifio-Mora)
2003: nonpreemptive M/G/k (Glazebrook)
2020: preemptive M/G/k (Scully et al.)



Our work: G/G arrivals

[ [ o
[T - -
1 "o 1
o - -
‘ ) " o
" "
- 1 |
[ [ I
v v 1
\-I \_I




1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)

2005: E|[T]

2018: E|T]

in M/M/1 (Whittle)
in M/G/1 (Scully et al.)

2018: E[T] bound, “near-optimal” (Grosof et al.)

2001: M/M/k (Glazebrook & Nifio-Mora)
2003: nonpreemptive M/G/k (Glazebrook)
2020: preemptive M/G/k (Scully et al.)



just optimality

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)

2005: E|[T]

2018: E|T]

in M/M/1 (Whittle)
in M/G/1 (Scully et al.)

2018: E[T] bound, “near-optimal” (Grosof et al.)

2001: M/M/k (Glazebrook & Nifio-Mora)
2003: nonpreemptive M/G/k (Glazebrook)
2020: preemptive M/G/k (Scully et al.)



just optimality

Strategy 1

work in system

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)
2005: E|T] in M/M/1 (Whittle)
2018: E|T] in M/G/1 (Scully et al.)

2018: E[T] bound, “near-optimal” (Grosof et al.)

2001: M/M/k (Glazebrook & Nifio-Mora)
2003: nonpreemptive M/G/k (Glazebrook)
2020: preemptive M/G/k (Scully et al.)



Strategy O
just optimality

Strategy 1

work in system

Strategy 2

states of all jobs
(Gittins-specific)

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)

2005: E|T

2018: E|T

in M/M/1 (Whittle)
in M/G/1 (Scully et al.)

2018: E[T] bound, “near-optimal” (Grosof et al.)

2001: M/M/k (Glazebrook & Nifio-Mora)
2003: nonpreemptive M/G/k (Glazebrook)
2020: preemptive M/G/k (Scully et al.)



Strategy O
just optimality

Strategy 1

work in system

Strategy 2

states of all jobs
(Gittins-specific)

Strategy 3
work in system
(Gittins-specific)

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)

2005: E|T

2018: E|T

in M/M/1 (Whittle)
in M/G/1 (Scully et al.)

2018: E[T] bound, “near-optimal” (Grosof et al.)

2001: M/M/k (Glazebrook & Nifio-Mora)
2003: nonpreemptive M/G/k (Glazebrook)
2020: preemptive M/G/k (Scully et al.)



Our work:

Strategy 3 for G/G arrivals




Our result

E[T ] _ E[Topt] < Emulti T EG/G T esetup



Our result

E[T ] _ E[Topt] < Emulti T EG/G T esetup

A = arrival rate

1
emulti — 4E[S] lOg 1 _

o, S =job size
p =load = AE[S]



Our result

E[T ] _ E[Topt] < emulti T EG/G T esetup

A = arrival rate

Kmulti — 4E[S] lOg

1 — Io. S = job size
p =load = AE[S]
EG/ G ™ A(AmaX _Amin) o O( 1) R = residual interarrival

E[R | paSt] S [Amin:AmaX]



Our result

E[T ] _ E[Topt] < emulti T EG/G T esetup

A = arrival rate

Kmulti — 4E[S] lOg

1 — Io. S = job size
p =load = AE[S]
EG/ G ™ A(AmaX _Amin) o O( 1) R = residual interarrival

esetup — O(]') E[R | paSt] < [Amin:Amax]



Our result

E[T ] _ E[Topt] < emulti T EG/G T esetup

A = arrival rate

Kmulti — 4E[S] lOg

1 — Io. S = job size
p =load = AE[S]
EG/ G — A(AmaX _Amin) — O(]') R = residual interarrival
esetup — O(]') E[R | paSt] < [Amin:Amax]
is optimal

in heavy traffic



Our result

@ How does Strategy 3 work?

How do we handle G/G arrivals? |




(44

A S T N T Y O T I

me

7

Key quantity: r-work

S
STV




(Cme”

Key quantity: r-work

|6;




(44

Key quantity: r-work

7

me

r-work: W(r) = work relevant to job of

r



(44

Key quantity: r-work

7

me —

O

r-work: W(r) = work relevant to job of

r



Key quantity: r-work

-work: W(r) = work relevant to job of



Gittins-k Gittins-1

HRERG;

000




o k servers, o
Gittins-k | speed 1/k Gittins-1

HRERG;

4o




o k servers, o
Gittins-k | speed 1/k Gittins-1

TR
O




pr—

Gittins-k

\

k servers,
speed 1/k

TR

E[Tx]

Gittins-1

|

0

? (13 E[T1]




k servers, o
speed 1/D Gittins-1

E[Ti] ) ? Q E[T:] )

Gittins-k

S

AN AN

N N




o k servers, o
Gittins-k | speed 1/k Gittins-1

S
-




o k servers, o
Gittins-k | speed 1/D Gittins-1

S
-

Lemma: r-work
decomposition



o k servers, o
Gittins-k | speed 1/9 Gittins-1

S

Lemma: r-work
decomposition



o k servers, o
Gittins-k | speed 1/9 Gittins-1

S

Lemma: fSwork
decomposition



Work decomposition law

M/G arrivals:

ETW] = E[Wgg 1] + i

1 —




Work decomposition law

g\/ seen b@
. idle server
M/G arrivals:

E[IW]
]_ _

E(W]=E[Ww/g/1]-




Work decomposition law

W seen by
gle server :>£mum
E[IW]
1 —

M/G arrivals:
E[W]=E[Wyg/1]




Work decomposition law

W seen by
gle server :>£mum
E[IW]
1 —

M/G arrivals:
E[W]=E[Wyg/1]

G/G arrivals: 2V

E[IW] pE[IR]

ElW|="E[W 7
(W] ="E[Wg/g/1] =5 1-p




Work decomposition law

W seen by
gle server :>£m‘ﬂ“
E[IW]
1 —

W seen b@
G/G arrivals: " idle server

E[IW] pE[IR]
l—p 1—p

M/G arrivals:
ELW]= E[Wh/6/114




Work decomposition law

W seen by
4
gle server :> multi

M/G arrivals:

E[TW]
E[W]=E[Wyg/1] -
I el 1= Y
G/G arrivals: N

E[IW] pE[IR]
1—p 1—p

E[W] — “E[WG/G/l]” |



Work decomposition law

W seen by
4
gle server :> multi

M/G arrivals:

E[TW]
E[W]=E[Wyg/1] 1_
v e oo ) = o
G/G arrivals: M
) y E[IW] pE[IR]
E[W]=“E[Wg/g/1]" 1
1—p 1—p

OR seen by
idle server




Work decomposition law

W seen by
(
gle server :> R

M/G arrivals:

E[IW]
E[W]=E[Wy/g/1]- -
W seen by :>
Kmultl
G/G arrivals: V" Qﬂe server
z ~ E[IW] pE[IR]
E[W]="E[Wg/6/1]" -
l—p 1—p

OR seen by
idle server

‘:{>€G/G



Work decomposition law

W by
gu‘:eseer;ver :> Cmuti and Lserup

M/G arrivals:

E[IW]
w! Vc\lfleszeseer;vzr :Dﬁm‘ﬂ“ and Leqp
G/G arrivals: M
L 7 E[IW] ,OE[IR]
E[W]="E[Wg/6/1]" -
l=p 1—p

PR seen by
Cle server )= Lo




Key idea for G/G arrival proof

W(t)

N

t




Key idea for G/G arrival proof

W(t)

\\?\

/_\ Jumps not
Markoviay L




Key idea for G/G arrival proof

W(t)

\\\l\
A f t

R(t)




Key idea for G/G arrival proof

W(t)

\\\l\ W(t) — pR(t)
/_\ Jumps n(;t<
Markoviay :

R(t)

10



Key idea for G/G arrival proof

W(t)

\\%[\ W(t) — pR(t)

/_\ Jumps not
Markoviay L
R(t)

Jumps not Markovian,
but 2nd-order effect

10



Strategy O
just optimality

Strategy 1

work in system

Strategy 2

states of all jobs
(Gittins-specific)

Strategy 3
work in system
(Gittins-specific)

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)

2005: E|T

2018: E|T

in M/M/1 (Whittle)
in M/G/1 (Scully et al.)

2018: E[T] bound, “near-optimal” (Grosof et al.)

2001: M/M/k (Glazebrook & Nifio-Mora)
2003: nonpreemptive M/G/k (Glazebrook)
2020: preemptive M/G/k (Scully et al.)

11



Strategy O
just optimality

Strategy 1

work in system

Strategy 2

states of all jobs
(Gittins-specific)

Strategy 3
work in system
(Gittins-specific)

1966: compute E[T] (Schrage & Miller)
1968: optimal (Schrage)

1970s: optimal (Sevcik; von Olivier; Gittins)

2005: E|T

2018: E|T

in M/M/1 (Whittle)
in M/G/1 (Scully et al.)

2018: E[T] bound, “near-optimal” (Grosof et al.)

2001: M/M/k (Glazebrook & Nifio-Mora)
2003: nonpreemptive M/G/k (Glazebrook)
2020: preemptive M/G/k (Scully et al.)
2023: G/G/k/setup (Hong & Scully)

11



