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Goal: schedule to minimize 
mean response time E[T]
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random 
arrivals

SRPT: always serve job of 
least remaining size

SRPT minimizes E[T] 
(Schrage 1968)
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size unknown

age known

distribution 
S known

Gittins: assign each job a 
rank based on age and S 
(lower is better)

Gittins minimizes E[T] 
(Gittins 1989)

rank = 4

rank = 3 rank = 5
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Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT

Partial Info

Gittinshuge variety 
of scenarios

special case of Gittins: 
rank = remaining size
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Multiserver Gittins: 
serves the k jobs with 
the k lowest ranks



M/G/1 vs. M/G/k

11

E[TGittins
1 ] = E[Tmin

1 ] E[Tmin
k ] E[TGittins

k ]

<latexit sha1_base64="EQZgaT6+ZNbRWduyqyR2FPCZiX0="></latexit>



M/G/1 vs. M/G/k

11

E[TGittins
1 ] = E[Tmin

1 ] E[Tmin
k ] E[TGittins

k ]

<latexit sha1_base64="EQZgaT6+ZNbRWduyqyR2FPCZiX0="></latexit>



M/G/1 vs. M/G/k

11

E[TGittins
1 ] = E[Tmin

1 ] E[Tmin
k ] E[TGittins

k ]

<latexit sha1_base64="EQZgaT6+ZNbRWduyqyR2FPCZiX0="></latexit>



M/G/1 vs. M/G/k

11

E[TGittins
1 ] = E[Tmin

1 ] E[Tmin
k ] E[TGittins

k ]

<latexit sha1_base64="EQZgaT6+ZNbRWduyqyR2FPCZiX0="></latexit>

E[TGittins
k ] E[TGittins

1 ] + something “small”

<latexit sha1_base64="TZPZfbqeEeFdFWVYb28sQe/VtBU="></latexit>

Goal 1: “near-optimality” bound



M/G/1 vs. M/G/k

11

E[TGittins
1 ] = E[Tmin

1 ] E[Tmin
k ] E[TGittins

k ]

<latexit sha1_base64="EQZgaT6+ZNbRWduyqyR2FPCZiX0="></latexit>

E[TGittins
k ] E[TGittins

1 ] + something “small”

<latexit sha1_base64="TZPZfbqeEeFdFWVYb28sQe/VtBU="></latexit>

Goal 1: “near-optimality” bound

Goal 2: heavy-traffic optimality

lim
⇢!1

E[TGittins
k ]

E[TGittins
1 ]

= 1

<latexit sha1_base64="CyCJ7sxDtvsmgU3TuhLlwWC7OOk="></latexit>



Near-Optimal Policies

12

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)



Near-Optimal Policies

12

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

Generalize M/G/1 
E[T] analysis



Near-Optimal Policies

12

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

Generalize M/G/1 
E[T] analysis

SRPT 
Grosof et al. (2018)



Near-Optimal Policies

12

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

Generalize M/G/1 
E[T] analysis

SRPT 
Grosof et al. (2018)

E[Tk] E[T1] + (k� 1) ·O
Å

log
1

1�⇢

ã

<latexit sha1_base64="jp9gWt+KwdEYrRrjQz2SIDU/nLs="></latexit>



Near-Optimal Policies

12

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

Generalize M/G/1 
E[T] analysis

SRPT 
Grosof et al. (2018)



Near-Optimal Policies

12

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

Generalize M/G/1 
E[T] analysis

SRPT 
Grosof et al. (2018)



Near-Optimal Policies

12

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

Problem: existing M/G/1-to-M/G/k 
strategy uses worst-case techniques

Generalize M/G/1 
E[T] analysis

SRPT 
Grosof et al. (2018)



Near-Optimal Policies

12

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

Problem: existing M/G/1-to-M/G/k 
strategy uses worst-case techniques

Generalize M/G/1 
E[T] analysis

SRPT 
Grosof et al. (2018)



Near-Optimal Policies

12

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

Problem: existing M/G/1-to-M/G/k 
strategy uses worst-case techniques

Generalize M/G/1 
E[T] analysis

SRPT 
Grosof et al. (2018)



Our contributions:

13



Our contributions:

13

Introduce new techniques for 
analyzing E[T] in the M/G/k



Our contributions:

13

Introduce new techniques for 
analyzing E[T] in the M/G/k

Prove that Gittins has near-
optimal E[T] in the M/G/k



Near-Optimal Policies

14

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

SRPT

M/G/k 
(new result)



Near-Optimal Policies

14

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

SRPT

GittinsSRPT GittinsM/G/k 
(new result)



Near-Optimal Policies

14

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

SRPT

GittinsSRPT Gittins

E[Tk] E[T1] + (k� 1) ·O
Å

log
1

1�⇢

ã

<latexit sha1_base64="jp9gWt+KwdEYrRrjQz2SIDU/nLs="></latexit>

M/G/k 
(new result)



Near-Optimal Policies

14

Partial Info Unknown Sizes

GittinsM/G/1

Known Sizes

SRPT Gittins

M/G/k 
(prior work)

SRPT

GittinsSRPT Gittins

E[Tk] E[T1] + (k� 1) ·O
Å

log
1

1�⇢

ã

<latexit sha1_base64="jp9gWt+KwdEYrRrjQz2SIDU/nLs="></latexit>

M/G/k 
(new result)

E[Tk] E[T1] + (k� 1) ·O
Å

log
1

1�⇢

ã

<latexit sha1_base64="jp9gWt+KwdEYrRrjQz2SIDU/nLs="></latexit>



15

Theorem: under Gittins,

E[Tk] E[T1] + (k� 1) ·O
Å

log
1

1�⇢

ã

<latexit sha1_base64="jp9gWt+KwdEYrRrjQz2SIDU/nLs="></latexit>



15

Theorem: under Gittins,

E[Tk] E[T1] + (k� 1) ·O
Å

log
1

1�⇢

ã

<latexit sha1_base64="jp9gWt+KwdEYrRrjQz2SIDU/nLs="></latexit>

Theorem: under Gittins,

lim
⇢!1

E[Tk]
E[T1]

= 1

<latexit sha1_base64="gccodoC0VwCmQ2YN7bDYm/Wj3yM="></latexit>

if E[S2(log S)+]<1

<latexit sha1_base64="wV4cRwcOlOcplEi94295xh77uZ0="></latexit>



15

Theorem: under Gittins,

E[Tk] E[T1] + (k� 1) ·O
Å

log
1

1�⇢

ã

<latexit sha1_base64="jp9gWt+KwdEYrRrjQz2SIDU/nLs="></latexit>

New concept: r-work

Theorem: under Gittins,

lim
⇢!1

E[Tk]
E[T1]

= 1

<latexit sha1_base64="gccodoC0VwCmQ2YN7bDYm/Wj3yM="></latexit>

if E[S2(log S)+]<1

<latexit sha1_base64="wV4cRwcOlOcplEi94295xh77uZ0="></latexit>



What is r-Work? (SRPT)

16

total remaining size of all jobsW = work =



What is r-Work? (SRPT)

16

total remaining size of all jobs 
that have remaining size ≤ r

W(r) = r-work =

total remaining size of all jobsW = work =



What is r-Work? (SRPT)

16

total remaining size of all jobs 
that have remaining size ≤ r

W(r) = r-work =

total remaining size of all jobsW = work =

r



What is r-Work? (SRPT)

16

total remaining size of all jobs 
that have remaining size ≤ r

W(r) = r-work =

total remaining size of all jobsW = work =

r



What is r-Work? (Gittins)

17

total remaining size of all jobsW = work =



What is r-Work? (Gittins)

17

work “relevant” to rank rW(r) = r-work =

total remaining size of all jobsW = work =



What is r-Work? (Gittins)

17

work “relevant” to rank rW(r) = r-work =

total remaining size of all jobsW = work =

until job completes 
or exceeds rank r



What is r-Work? (Gittins)

17

work “relevant” to rank rW(r) = r-work =

total remaining size of all jobsW = work =

rank

age

until job completes 
or exceeds rank r



What is r-Work? (Gittins)

17

work “relevant” to rank rW(r) = r-work =

total remaining size of all jobsW = work =

r

rank

age

until job completes 
or exceeds rank r



What is r-Work? (Gittins)

17

work “relevant” to rank rW(r) = r-work =

total remaining size of all jobsW = work =

r

rank

age

r-work

until job completes 
or exceeds rank r



What is r-Work? (Gittins)

17

work “relevant” to rank rW(r) = r-work =

total remaining size of all jobsW = work =

until job completes 
or exceeds rank r



What is r-Work? (Gittins)

17

work “relevant” to rank rW(r) = r-work =

total remaining size of all jobsW = work =

   = rank
(lower is better)

until job completes 
or exceeds rank r



What is r-Work? (Gittins)

17

work “relevant” to rank rW(r) = r-work =

total remaining size of all jobsW = work =

   = rank
(lower is better)

r

until job completes 
or exceeds rank r



What is r-Work? (Gittins)

17

work “relevant” to rank rW(r) = r-work =

total remaining size of all jobsW = work =

   = rank
(lower is better)

r

until job completes 
or exceeds rank r



Response Time via r-Work

18

mean response 
time in M/G/k

mean response 
time in M/G/1



Response Time via r-Work

18

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1



Response Time via r-Work

18

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1



Response Time via r-Work

18

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1



Response Time via r-Work

18

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1Theorem:

E[T] =
1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>



Response Time via r-Work

18

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>



Response Time via r-Work

18

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>



Response Time via r-Work

18

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>



Response Time via r-Work

18

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[Wk(r)] = E[W1(r)] + “r-work of  k� 1 jobs”

<latexit sha1_base64="LGJu/+2K/KQ+aHr6ItjUsYm3ecw="></latexit>



Response Time via r-Work

18

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[Wk(r)] = E[W1(r)] + “r-work of  k� 1 jobs”

<latexit sha1_base64="LGJu/+2K/KQ+aHr6ItjUsYm3ecw="></latexit>



New E[T] Formula

19

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:



New E[T] Formula

19

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:

mean r-work



New E[T] Formula

19

Holds for any queueing system: 
M/G/k, G/G/k, load-balancing, …

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:

mean r-work



New E[T] Formula

19

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:



New E[T] Formula

19

Proof:Z 1

0

E[W (r)]
r2

dr =
Z 1

0

E
⇥PN

i=1 job i’s r-work
⇤

r2
dr

= E

 NX

i=1

Z 1

0

job i’s r-work
r2

dr
�

= E

 NX

i=1

Z 1

0

Xi 1(Xi  r)
r2

dr
�

= E[N] = �E[T]

<latexit sha1_base64="71eYgQVFKPR1TXhYI2cSPcGsFUs="></latexit>

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:



New E[T] Formula

19

Proof:Z 1

0

E[W (r)]
r2

dr =
Z 1

0

E
⇥PN

i=1 job i’s r-work
⇤

r2
dr

= E

 NX

i=1

Z 1

0

job i’s r-work
r2

dr
�

= E

 NX

i=1

Z 1

0

Xi 1(Xi  r)
r2

dr
�

= E[N] = �E[T]

<latexit sha1_base64="71eYgQVFKPR1TXhYI2cSPcGsFUs="></latexit>

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:for SRPT case, in which 
rank = remaining size



New E[T] Formula

19

Proof:Z 1

0

E[W (r)]
r2

dr =
Z 1

0

E
⇥PN

i=1 job i’s r-work
⇤

r2
dr

= E

 NX

i=1

Z 1

0

job i’s r-work
r2

dr
�

= E

 NX

i=1

Z 1

0

Xi 1(Xi  r)
r2

dr
�

= E[N] = �E[T]

<latexit sha1_base64="71eYgQVFKPR1TXhYI2cSPcGsFUs="></latexit>

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:for SRPT case, in which 
rank = remaining size



New E[T] Formula

19

Proof:Z 1

0

E[W (r)]
r2

dr =
Z 1

0

E
⇥PN

i=1 job i’s r-work
⇤

r2
dr

= E

 NX

i=1

Z 1

0

job i’s r-work
r2

dr
�

= E

 NX

i=1

Z 1

0

Xi 1(Xi  r)
r2

dr
�

= E[N] = �E[T]

<latexit sha1_base64="71eYgQVFKPR1TXhYI2cSPcGsFUs="></latexit>

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:

N = # jobs

<latexit sha1_base64="j96gc8MSPvigCmgB0J3vzyN2dxM="></latexit>

for SRPT case, in which 
rank = remaining size



New E[T] Formula

19

Proof:Z 1

0

E[W (r)]
r2

dr =
Z 1

0

E
⇥PN

i=1 job i’s r-work
⇤

r2
dr

= E

 NX

i=1

Z 1

0

job i’s r-work
r2

dr
�

= E

 NX

i=1

Z 1

0

Xi 1(Xi  r)
r2

dr
�

= E[N] = �E[T]

<latexit sha1_base64="71eYgQVFKPR1TXhYI2cSPcGsFUs="></latexit>

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:

N = # jobs

<latexit sha1_base64="j96gc8MSPvigCmgB0J3vzyN2dxM="></latexit>

for SRPT case, in which 
rank = remaining size



New E[T] Formula

19

Proof:Z 1

0

E[W (r)]
r2

dr =
Z 1

0

E
⇥PN

i=1 job i’s r-work
⇤

r2
dr

= E

 NX

i=1

Z 1

0

job i’s r-work
r2

dr
�

= E

 NX

i=1

Z 1

0

Xi 1(Xi  r)
r2

dr
�

= E[N] = �E[T]

<latexit sha1_base64="71eYgQVFKPR1TXhYI2cSPcGsFUs="></latexit>

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:

N = # jobs

<latexit sha1_base64="j96gc8MSPvigCmgB0J3vzyN2dxM="></latexit>

for SRPT case, in which 
rank = remaining size



New E[T] Formula

19

Proof:Z 1

0

E[W (r)]
r2

dr =
Z 1

0

E
⇥PN

i=1 job i’s r-work
⇤

r2
dr

= E

 NX

i=1

Z 1

0

job i’s r-work
r2

dr
�

= E

 NX

i=1

Z 1

0

Xi 1(Xi  r)
r2

dr
�

= E[N] = �E[T]

<latexit sha1_base64="71eYgQVFKPR1TXhYI2cSPcGsFUs="></latexit>

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:

N = # jobs

<latexit sha1_base64="j96gc8MSPvigCmgB0J3vzyN2dxM="></latexit>

Xi = remaining size of job i

<latexit sha1_base64="jJBJbkC6tCwODSedYx3LWH4egQY="></latexit>

for SRPT case, in which 
rank = remaining size



New E[T] Formula

19

Proof:Z 1

0

E[W (r)]
r2

dr =
Z 1

0

E
⇥PN

i=1 job i’s r-work
⇤

r2
dr

= E

 NX

i=1

Z 1

0

job i’s r-work
r2

dr
�

= E

 NX

i=1

Z 1

0

Xi 1(Xi  r)
r2

dr
�

= E[N] = �E[T]

<latexit sha1_base64="71eYgQVFKPR1TXhYI2cSPcGsFUs="></latexit>

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:

N = # jobs

<latexit sha1_base64="j96gc8MSPvigCmgB0J3vzyN2dxM="></latexit>

Xi = remaining size of job i

<latexit sha1_base64="jJBJbkC6tCwODSedYx3LWH4egQY="></latexit>

for SRPT case, in which 
rank = remaining size



New E[T] Formula

19

Proof:Z 1

0

E[W (r)]
r2

dr =
Z 1

0

E
⇥PN

i=1 job i’s r-work
⇤

r2
dr

= E

 NX

i=1

Z 1

0

job i’s r-work
r2

dr
�

= E

 NX

i=1

Z 1

0

Xi 1(Xi  r)
r2

dr
�

= E[N] = �E[T]

<latexit sha1_base64="71eYgQVFKPR1TXhYI2cSPcGsFUs="></latexit>

Little’s law

E[T] =
1
�

Z 1

0

E[W (r)]
r2

dr

<latexit sha1_base64="xpPEhnzTEnfBgJilfHwczSXb0To="></latexit>

Theorem:

N = # jobs

<latexit sha1_base64="j96gc8MSPvigCmgB0J3vzyN2dxM="></latexit>

Xi = remaining size of job i

<latexit sha1_base64="jJBJbkC6tCwODSedYx3LWH4egQY="></latexit>

for SRPT case, in which 
rank = remaining size



Response Time via r-Work

20

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[Wk(r)] = E[W1(r)] + “r-work of  k� 1 jobs”

<latexit sha1_base64="LGJu/+2K/KQ+aHr6ItjUsYm3ecw="></latexit>



Response Time via r-Work

20

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[Wk(r)] = E[W1(r)] + “r-work of  k� 1 jobs”

<latexit sha1_base64="LGJu/+2K/KQ+aHr6ItjUsYm3ecw="></latexit>



Work in M/G/k vs. M/G/1

21



Work in M/G/k vs. M/G/1

21

Theorem: E[Wk] = E[W1] +
E[IkWk]

1�⇢

<latexit sha1_base64="Bk2mWih5C+q7TiVced+E3TF2QPM="></latexit>



Work in M/G/k vs. M/G/1

21

Theorem: E[Wk] = E[W1] +
E[IkWk]

1�⇢

<latexit sha1_base64="Bk2mWih5C+q7TiVced+E3TF2QPM="></latexit>

Ik =
# idle servers

k

<latexit sha1_base64="FyOWFH+pxPxeyBAgq+BCq3zVP2g="></latexit>



Work in M/G/k vs. M/G/1

21

Theorem: E[Wk] = E[W1] +
E[IkWk]

1�⇢

<latexit sha1_base64="Bk2mWih5C+q7TiVced+E3TF2QPM="></latexit>

Whenever Ik > 0, a server is idle, 
so system has at most k – 1 jobs

Ik =
# idle servers

k

<latexit sha1_base64="FyOWFH+pxPxeyBAgq+BCq3zVP2g="></latexit>



Work in M/G/k vs. M/G/1

21

Theorem: E[Wk] = E[W1] +
E[IkWk]

1�⇢

<latexit sha1_base64="Bk2mWih5C+q7TiVced+E3TF2QPM="></latexit>

“work of ≤ k – 1 jobs”

Whenever Ik > 0, a server is idle, 
so system has at most k – 1 jobs

Ik =
# idle servers

k

<latexit sha1_base64="FyOWFH+pxPxeyBAgq+BCq3zVP2g="></latexit>



Work in M/G/k vs. M/G/1

21

Theorem: E[Wk] = E[W1] +
E[IkWk]

1�⇢

<latexit sha1_base64="Bk2mWih5C+q7TiVced+E3TF2QPM="></latexit>

“work of ≤ k – 1 jobs”

Whenever Ik > 0, a server is idle, 
so system has at most k – 1 jobs

Ik =
# idle servers

k

<latexit sha1_base64="FyOWFH+pxPxeyBAgq+BCq3zVP2g="></latexit>

Can generalize to any system 
with Poisson arrivals



r-Work in M/G/k vs. M/G/1

22

Theorem:
E[Wk] = E[W1] + “work of  k� 1 jobs”

<latexit sha1_base64="bS2CCKXKLunQA//QTa8RYU85VCY="></latexit>



r-Work in M/G/k vs. M/G/1

22

Theorem:
E[Wk(r)] = E[W1(r)] + “r-work of  k� 1 jobs”

 E[W1(r)] + (k� 1)r

<latexit sha1_base64="k1JNLxLpKDHNxGNX3yPkivUZMb8="></latexit>

Theorem:
E[Wk] = E[W1] + “work of  k� 1 jobs”

<latexit sha1_base64="bS2CCKXKLunQA//QTa8RYU85VCY="></latexit>



r-Work in M/G/k vs. M/G/1

22

Theorem:
E[Wk(r)] = E[W1(r)] + “r-work of  k� 1 jobs”

 E[W1(r)] + (k� 1)r

<latexit sha1_base64="k1JNLxLpKDHNxGNX3yPkivUZMb8="></latexit>

Theorem:
E[Wk] = E[W1] + “work of  k� 1 jobs”

<latexit sha1_base64="bS2CCKXKLunQA//QTa8RYU85VCY="></latexit>



r-Work in M/G/k vs. M/G/1

22

Theorem:
E[Wk(r)] = E[W1(r)] + “r-work of  k� 1 jobs”

 E[W1(r)] + (k� 1)r

<latexit sha1_base64="k1JNLxLpKDHNxGNX3yPkivUZMb8="></latexit>

Theorem:
E[Wk] = E[W1] + “work of  k� 1 jobs”

<latexit sha1_base64="bS2CCKXKLunQA//QTa8RYU85VCY="></latexit>

paper uses 
better bound



Response Time via r-Work

23

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[Wk(r)] = E[W1(r)] + “r-work of  k� 1 jobs”

<latexit sha1_base64="LGJu/+2K/KQ+aHr6ItjUsYm3ecw="></latexit>



Response Time via r-Work

23

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[Wk(r)] = E[W1(r)] + “r-work of  k� 1 jobs”

<latexit sha1_base64="LGJu/+2K/KQ+aHr6ItjUsYm3ecw="></latexit>



Response Time via r-Work

23

mean r-work 
in M/G/k

mean r-work 
in M/G/1

mean response 
time in M/G/k

mean response 
time in M/G/1

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[T] =

1
�

Z 1

0

E[W(r)]
r2

dr

<latexit sha1_base64="mP6baz7tyDU7vlKRX4h0ZloDf84="></latexit>

Theorem:
E[Wk(r)] = E[W1(r)] + “r-work of  k� 1 jobs”

<latexit sha1_base64="LGJu/+2K/KQ+aHr6ItjUsYm3ecw="></latexit>



Summary

24

Minimize E[T] in M/G/k 
without known job sizes



Summary

24

Prior M/G/k techniques 
need known job sizes

Minimize E[T] in M/G/k 
without known job sizes



Summary

24

Prior M/G/k techniques 
need known job sizes

Minimize E[T] in M/G/k 
without known job sizes

New technique based on 
relating E[T] to r-work



Summary

24

Prior M/G/k techniques 
need known job sizes

Minimize E[T] in M/G/k 
without known job sizes

New technique based on 
relating E[T] to r-work

Gittins has near-optimal 
E[T] in M/G/k

E[Tk] E[T1] + (k� 1) ·O
Å

log
1

1�⇢

ã

<latexit sha1_base64="jp9gWt+KwdEYrRrjQz2SIDU/nLs="></latexit>



Summary

24

Prior M/G/k techniques 
need known job sizes

Minimize E[T] in M/G/k 
without known job sizes

New technique based on 
relating E[T] to r-work

Gittins has near-optimal 
E[T] in M/G/k

E[Tk] E[T1] + (k� 1) ·O
Å

log
1

1�⇢

ã

<latexit sha1_base64="jp9gWt+KwdEYrRrjQz2SIDU/nLs="></latexit>

Get in touch: zscully@cs.cmu.edu



Bonus Slides

25



Levels of Size Information

26

more infoless info



Levels of Size Information

26

more infoless info

Known Size



Levels of Size Information

26

more infoless info

size

age

remaining size

Known Size



Levels of Size Information

26

more infoless info

Known Size



Levels of Size Information

26

more infoless info

Known Size

Blind



Levels of Size Information

26

more infoless info

Known Size

unknown size

Blind



Levels of Size Information

26

more infoless info

Known Size

unknown size

known age

Blind



Levels of Size Information

26

more infoless info

Known Size

unknown size

known age

known size 
distribution

Blind



Levels of Size Information

26

more infoless info

Known SizeBlind



Levels of Size Information

26

more infoless info

Known SizeBlind

Noisy Estimates



Levels of Size Information

26

more infoless info

Known SizeBlind

size ≈ 12 size ≈ 10

Noisy Estimates



Levels of Size Information

26

more infoless info

Known SizeBlind

size ≈ 12 size ≈ 10

Noisy Estimates



Levels of Size Information

26

more infoless info

Known SizeBlind

size ≈ 12 size ≈ 10

Noisy Estimates



Levels of Size Information

26

more infoless info

Known SizeBlind

size ≈ 12 size ≈ 10

known age

Noisy Estimates



Levels of Size Information

26

more infoless info

Known SizeBlind

size ≈ 12 size ≈ 10

known age

known joint distribution 
of true/estimated sizes

Noisy Estimates



Levels of Size Information

26

more infoless info

Known SizeBlind Noisy Estimates



Levels of Size Information

26

more infoless info

Known SizeBlind Noisy Estimates

General case: a job is a Markov process



Levels of Size Information

26

more infoless info

Known SizeBlind Noisy Estimates

General case: a job is a Markov process
general state space



Levels of Size Information

26

more infoless info

Known SizeBlind Noisy Estimates

General case: a job is a Markov process
general state space
job’s state encodes all known info



Levels of Size Information

26

more infoless info

Known SizeBlind Noisy Estimates

General case: a job is a Markov process
general state space
job’s state encodes all known info
state stochastically evolves with service



Levels of Size Information

26

more infoless info

Known SizeBlind Noisy Estimates

General case: a job is a Markov process
general state space
job’s state encodes all known info
state stochastically evolves with service
completes upon entering goal state



Levels of Size Information

26

more infoless info

Known SizeBlind Noisy Estimates

General case: a job is a Markov process
general state space
job’s state encodes all known info
state stochastically evolves with service
completes upon entering goal state



Levels of Size Information

26

more infoless info

Known SizeBlind Noisy Estimates

General case: a job is a Markov process
general state space
job’s state encodes all known info
state stochastically evolves with service
completes upon entering goal state



Levels of Size Information

26

more infoless info

Known SizeBlind Noisy Estimates

General case: a job is a Markov process
general state space
job’s state encodes all known info
state stochastically evolves with service
completes upon entering goal state

but probabilities 
known


