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Goal: schedule to minimize metrics
like mean response time E[T]




How to Schedule?

- remaining size
size {

G,

- age



How to Schedule?

SRPT: always serve job of
@ least remaining size

- remaining size
size {
> age

G,



How to Schedule?

shortest remaining
processing time

SRPT: always serve job of
@ least remaining size

- remaining size

size {

G,

- age



How to Schedule?

shortest remaining
processing time

SRPT: always serve job of
@ least remaining size

4\

- remaining size
size {

G,

> age
2 sage




How to Schedule?

Q shortest remaining
processing time
SRPT: always serve job of

@ least remaining size

1, \—
éower 1S bett@

- remaining size

J

size {

- age

o

sage



How to Schedule?

Q shortest remaining
processing time
SRPT: always serve job of

@ least remaining size

1, \—
éower 1S bett@

- remaining size

J

size { size 4

- age

o

sage



How to Schedule?

Q shortest remaining
processing time
SRPT: always serve job of
@ least remaining size
size 9} — .
éower is bett@

size 4

- remaining size

J

size {

- age

o

sage



How to Schedule?
Q -

SRPT: always serve job of
@ least remaining size

ize 91 - )
P12 éower 1S bett@

size 4

- remaining size

J

size {

- age

size 2

o

sage



O

How to Schedule?

=S

shortest remaining
processing time

size {

G

2

J

- remaining size

- age

size 9’

size 4

size 2

minimizes E|[T]
[Schrage, 1968]

N

SRPT: always serve job of
least remaining size

aower 1S betteD

sage



Unknown Job Sizes

- remaining size
size {

G,

- age



Unknown Job Sizes

ey
>
V

ST

size?{§ :

A
|
-
unknown
L




Unknown Job Sizes

ey
>
V

ST

size?{i :

|
|
-
-
unknown L age

- known




Unknown Job Sizes

-
":J-.-L-J-.-J.-_l-_-.l-.-\.-.;.-.
C:] d_L_L

distribution
S known

size?{i :

|
|
-
-
unknown L age

- known




Unknown Job Sizes

]
-
‘Qlilzillilllllf
.
Ll

Tl
o

Q%ob size

distribution Gittins: computes job’s
S known @ .
i using age and S

L.

am
L J
.

size ? {

unknown

age
known



Unknown Job Sizes

7

Q%ob size

R Y T Y 1O Y O T I

-L-L.

-

Tl

-y

istribution : . L,
distributio Gittins: computes job’s
S known @

L.

size ? {

unknown

am
- J
Y

age
known

4\

using age and S

éower 1S bett@

sage



Unknown Job Sizes

7

Q%ob size

R Y T Y 1O Y O T I

-L-L.

-

Tl

-y

istribution : . L,
distributio Gittins: computes job’s
S known @

L.

size ? {

unknown

am
- J
Y

age
known

4\

using age and S

éower 1S bett@

sage



Unknown Job Sizes

e
Y job size

distribution Gittins: computes job’s
S known @ .
a using age and S

1, \—
aower 1S betteD

minimizes E[T]
[Sevceik, 1971]

[Olivier, 1972]
[Gittins, 1989]

R Y T Y 1O Y O T I

)

L.

am
- J
Y

size ? {

unknown

age
known sage




Gittins Optimality Results

Size info:

unknown

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general [Olivier, 1972]

Service:
preemptive [Gittins, 1989]



Gittins Optimality Results

Size info:
unknown

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general [Olivier, 1972]
Service:

preemptive [Gittins, 1989]
Job weights:

equal, class-based

Job types:

all same, multiple classes



Gittins Optimality Results

Size info:
unknown

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general [Olivier, 1972]
Service:

preemptive [Gittins, 1989]
Job weights:

equal, class-based

Job types:

all same, multiple classes



Gittins Optimality Results

Size info:
unknown, known

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general [Olivier, 1972]
Service:

preemptive [Gittins, 1989]
Job weights:

equal, class-based

Job types:

all same, multiple classes



Gittins Optimality Results

Size info:
unknown, known

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general [Olivier, 1972]
Service:

preemptive [Gittins, 1989]
Job weights:

equal, class-based, size-based

Job types:

all same, multiple classes



Gittins Optimality Results
@y rul%

Size info: CSRPT
unknown, known “\[Schrage, 1968]

[Cox and Smith, 1961]

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general [Olivier, 1972]
Service:

preemptive [Gittins, 1989]
Job weights:

equal, class-based, size-based

Job types:

all same, multiple classes



Gittins Optimality Results
@y rul%

Size info: CSRPT
unknown, known “\[Schrage, 1968]

[Cox and Smith, 1961]

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general [Olivier, 1972]
Service:

preemptive [Gittins, 1989]
Job weights:

equal, class-based, size-based

Job types:

all same, multiple classes



Gittins Optimality Results
@y rul%

Size info: CSRPT
unknown, known “\[Schrage, 1968]

[Cox and Smith, 1961]

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general, exponential [Olivier, 1972]
Service:

preemptive [Gittins, 1989]
Job weights:

equal, class-based, size-based

Job types:

all same, multiple classes



Gittins Optimality Results
@y rul%

Size info: CSRPT
unknown, known “\[Schrage, 1968]

[Cox and Smith, 1961]

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general, exponential [Olivier, 1972]
Service:

preemptive, nonpreemptive [Gittins, 1989]
Job weights:

equal, class-based, size-based

Job types:

all same, multiple classes



Gittins Optimality Results

@y rul%
Size iIlfO: CSRPT [Cox and Smith, 1961]

unknown, known [Schrage, 1968]

1 1StTi i Sevcik, 1971
Size distribution: [Seveik, 1971]

general, exponential (Olivier 1972]
Service: [Klimov, 1975)
preemptive, nonpreemptive [Gittins, 1989]
Job WeightSZ [Lai and Ying, 1988]

equal, class-based, size-based

Job types:

all same, multiple classes, multistage



Gittins Optimality Results

@y rul%
Size iIlfOI CSRPT [Cox and Smith, 1961]

unknown, known [Schrage, 1968]

1 1StTi i Sevcik, 1971
Size distribution: [Seveik, 1971]

general, exponential (Olivier. 1972)
Service: [Klimov, 1975)
preemptive, nonpreemptive [Gittins, 1989]
Job WeightS: [Lai and Ying, 1988]

equal, class-based, size-based

Job types:

all same, multiple classes, multistage



Gittins Optimality Results

@y rul%
Size iIlfOI CSRPT [Cox and Smith, 1961]

unknown, known [Schrage, 1968]

1 1StTi i Sevcik, 1971
Size distribution: [Seveik, 1971]

general, exponential (Olivier 1972]
Service: [Klimov, 1975]
preemptive, nonpreemptive (Gittins, 1989]
Job Weights: [Lai and Ying, 1988]

equal, class-based, size-based

Job types:

all same, multiple classes, multistage



Gittins Optimality Results
@y rul%

Size info: CSRPT
unknown, known “\[Schrage, 1968]

[Cox and Smith, 1961]

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general, exponential [Olivier, 1972]
. [Klimov, 1975]
Service:
preemptive, nonpreemptive [Gittins, 1989]
. [Lai and Ying, 1988]
Job weights: ;
equal, class-based, size-based [Bertsimas, 1995]
[Dacre et al., 1999]
Job types:

all same, multiple classes, multistage [Whittle, 2007]



Gittins Optimality Results
@y rul%

Size info: CSRPT
unknown, known, noisily estimated? “\[Schrage, 1968]

[Cox and Smith, 1961]

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general, exponential [Olivier, 1972]
. [Klimov, 1975]
Service:
preemptive, nonpreemptive [Gittins, 1989]
. [Lai and Ying, 1988]
Job weights: ;
equal, class-based, size-based [Bertsimas, 1995]
[Dacre et al., 1999]
Job types:

all same, multiple classes, multistage [Whittle, 2007]



Gittins Optimality Results
@y rul%

Size info: CSRPT
unknown, known, noisily estimated? “\[Schrage, 1968]

[Cox and Smith, 1961]

1 1StTi i Sevcik, 1971
Size distribution: [Seveik, 1971]

general, exponential [Olivier, 1972]

. Klimov, 1975
Service: (Klimov ]

preemptive, nonpreemptive, partly preemptive?  [Gittins, 1989]

[Lai and Ying, 1988]

Job weights:

equal, class-based, size-based [Bertsimas, 1995]
[Dacre et al., 1999]

Job types:

all same, multiple classes, multistage [Whittle, 2007]



Gittins Optimality Results
@y rulQ

Size info: CSRPT
unknown, known, noisily estimated? “\[Schrage, 1968]

[Cox and Smith, 1961]

1 1StTi i Sevcik, 1971
Size distribution: [Seveik, 1971]

general, exponential [Olivier, 1972]

. Klimov, 1975
Service: (Klimov ]

preemptive, nonpreemptive, partly preemptive?  [Gittins, 1989]

[Lai and Ying, 1988]

Job weights:

equal, class-based, size-based, non-constant? [Bertsimas, 1995]
[Dacre et al., 1999]

Job types:

all same, multiple classes, multistage [Whittle, 2007]



Gittins Optimality Results
@y rul%

Size info: CSRPT
unknown, known, noisily estimated? “\[Schrage, 1968]

[Cox and Smith, 1961]

1 1StTi i Sevcik, 1971
Size distribution: [Seveik, 1971]

general, exponential [Olivier, 1972]

. Klimov, 1975
Service: Liditnam L5751

preemptive, nonpreemptive, partly preemptive?  [Gittins, 1989]

[Lai and Ying, 1988]

assuming finitely %-based, non-constant? [Bertsimas, 1995]

many classes

[Dacre et al., 1999]

all same, multiple classes, multistage [Whittle, 2007]



Gittins Optimality Results
@y rul%

Size info: CSRPT
unknown, known, noisily estimated? “\[Schrage, 1968]

[Cox and Smith, 1961]

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general, exponential [Olivier, 1972]

[Klimov, 1975]

¢ assuming upper

prnbound on job sizes k, partly preemptive? [Gittins, 1989]

[Lai and Ying, 1988]

assuming finitely %-based, non-constant? [Bertsimas, 1995]

many classes

[Dacre et al., 1999]

all same, multiple classes, multistage [Whittle, 2007]



We unify and generalize
all prior Gittins optimality results



Gittins Optimality Results

Size iIlfO' [Cox and Smith, 1961]

unknown, known, noisily estimated? [Schrage, 1968]

) ° ° ° k 1 1
Size distribution: [Sevcik, 1971]

general, exponential [Olivier, 1972]

. Klimov, 1975
Service: [Klimox: ]

preemptive, nonpreemptive, partly preemptive?  [Gittins, 1989]

[Lai and Ying, 1988]

Job weights:

equal, class-based, size-based, non-constant? [Bertsimas, 1995]
[Dacre et al., 1999]

Job types:

all same, multiple classes, multistage [Whittle, 2007]



Gittins Optimality Results

Size info: mith, 1961]

unknown, known, noisily estimated? [Schrage, 1968]

- o ° ° k 1 1
Size distribution: [Sevcik, 1971]

general, exponential [Olivier, 1972]

. Klimov, 1975
Service: (Klimov ]

preemptive, nonpreemptive, partly preemptive?  [Gittins, 1989]

[Lai and Ying, 1988]

Job weights:

equal, class-based, size-based, non-constant? [Bertsimas, 1995]
[Dacre et al., 1999]

Job types:

all same, multiple classes, multistage [Whittle, 2007]



We unify and generalize
all prior Gittins optimality results



We unify and generalize
all prior Gittins optimality results

o Key idea: very general
definition of “job”

10



General Job Model



General Job Model

Q Key idea: a job is a Markov process

11



General Job Model

@ Key idea: a job is a Markov process

_ general state space

11



General Job Model

@ Key idea: a job is a Markov process

_ general state space
2 job’s state encodes all known info

11



General Job Model

@ Key idea: a job is a Markov process

_ general state space
2 job’s state encodes all known info
- state stochastically evolves with service

11



General Job Model

@ Key idea: a job is a Markov process

_ general state space
2 job’s state encodes all known info
- state stochastically evolves with service

» completes upon entering goal state

11



General Job Model

@ Key idea: a job is a Markov process

_ general state space

2 job’s state encodes all known info

- state stochastically evolves with service
» completes upon entering goal state
"1y set of nonpreemptible states

11



General Job Model

@ Key idea: a job is a Markov process

_ general state space

2 job’s state encodes all known info

- state stochastically evolves with service
» completes upon entering goal state
"1y set of nonpreemptible states

every state has a holding cost
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Theorem: under any policy,

Why does SRPT minimize E[N] in M/G/1?

Because it minimizges E[W(r)] for all r!
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